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Abstract—True-time-delay (TTD) arrays can implement
frequency-dependent rainbow beams and enable fast beam align-
ment in wideband millimeter-wave (mmWave) systems. In this
paper, we consider the design of 3D rainbow beams for TTD-
based beam training using planar arrays which are of great
interest in practical deployments. We firstly design a codebook
for a rectangular TTD array to realize beams that scan the entire
3D sphere using one Orthogonal Frequency Division Multiplexing
(OFDM) symbol. Specifically, we determine a proper configu-
ration of delays in TTD circuits and the minimum number of
OFDM subcarriers that guarantee that all angular directions are
probed at once using frequency-dependent beams. We then pro-
pose a frequency-domain power-based beam training algorithm
to estimate the dominant propagation direction in terms of the
azimuth and elevation angles. Lastly, we numerically evaluate
the performance of the proposed algorithm in realistic mmWave
channels as a function of the design and system parameters.

I. INTRODUCTION

Millimeter-wave (mmWave) communication is a disruptive
technology that relies on abundant spectrum to enable high
data rates in the fifth generation (5G) of mobile networks.
Due to the small wavelength, large antenna arrays with narrow
beams can be used at both base stations and mobile terminals
to enable directional communication and compensate for large
propagation loss at mmWave frequencies. It is believed that
in further evolution of 5G wireless networks, the carrier
frequency and number of antenna elements will continue
to grow, which makes the beam training challenging and
time consuming when conventional phased arrays are used.
Thus, novel beamforming techniques are necessary to facilitate
the future evolution of mmWave communications. Recently,
frequency-dependent beamforming (rainbow beams) emerged
as a promising candidate for fast beam training [1], [2]. It
can be enabled either by true-time-delay (TTD) based antenna
arrays [3] or leaky wave antennas [4] in mmWave and sub-
THz bands. Besides, for fast beam training, rainbow beams can
also be leveraged for alignment-free multiple access schemes
[5] and object tracking [6], [7]. In this work, we focus on fast
3D beam training using planar TTD arrays.

Design of 3D beam codebooks for planar phased arrays has
been extensively studied in the literature [8]–[10]. In a code-
book for planar phased arrays, each beam has independently
designed phases. For an N -element array with Mo beams
in the codebook, the number of designed phases is NMo.

The 3D beam codebook design for TTD arrays is much more
challenging. In a TTD rainbow beam codebook design, there
are limited degrees of freedom because the Mo beams pointing
in different directions share the same set of N designed delays.
To date, the TTD based codebook has been exclusively focused
on linear arrays, where frequency dependent beam steering
occurs in one plane of the spherical angular space. This work
presents a 3D TTD-based rainbow beam codebook to enable
fast beam training over the entire spherical angular space.

Our main contributions can be summarized as follows.
Firstly, we characterize the 3D rainbow beam for a given
set of delay taps by analyzing its center (pointing direction).
It is shown that by introducing proper delays in all antenna
elements, frequency dependent beams can simultaneously scan
multiple angles in both the azimuth and elevation planes.
Secondly, we propose sufficient conditions on the delay taps
and the Orthogonal Frequency Division Multiplexing (OFDM)
waveform design to guarantee that any arbitrary spherical
angle pair in the field-of-view is covered by a rainbow beam
with a desired beamforming gain. Lastly, we show that the
proposed 3D rainbow beams can support beam training using
a single OFDM pilot in realistic mmWave channels.

The paper is organized as follows. In Sec. II, we state the
considered system model, including the array response and
steering vectors of a planar TTD array architecture, and we
formulate the problem of the 3D rainbow beam codebook
design. The codebook design and analysis are presented in
Sec. III. The results of numerical simulations are provided
in Sec. IV. Sec. V concludes the paper and highlights the
remaining research problems.

Notation: Scalars, vectors, and matrices are denoted by non-
bold, bold lower-case, and bold upper-case letters, respectively.
The (i, j)-th element of A is denoted by [A]i,j . Conjugate,
transpose, Hermitian transpose, and pseudoinverse are denoted
by (.)∗, (.)T, (.)H, and (.)† respectively.

II. SYSTEM MODEL

This section introduces the system model for wideband
mmWave beam training and problem formulation.

A. TTD planar array
The TTD planar array has NR antenna elements arranged

in a rectangular array, with Naz and Nel elements along the
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Fig. 1: TTD planar array layout with delay taps associated with each
plane.

azimuth and elevation planes, respectively, placed at half-
wavelength λc/2 separation along each dimension. The TTD
circuit block applies finite time delays τaz,naz and τel,nel

in each antenna branch in the azimuth and elevation planes,
respectively, which enables frequency-dependent beam steer-
ing. In this work, we focus on uniformly spaced delays in
both planes, i.e., τaz,naz

= (naz − 1)∆τaz and τel,nel
=

(nel − 1)∆τel, where ∆τaz and ∆τel are the delay spacings
between neighboring antenna elements in the azimuth and
elevation planes respectively, as illustrated in Fig. 1. The total
time delay in the (naz, nel)-th antenna element τnaz,nel

is
given by τnaz,nel

= τaz,naz
+τel,nel

.

B. System model for downlink TTD-based beam training

We consider a 5G-like single cell system where a base
station (BS) is equipped with a planar phased array of NT
antennas as shown in Fig. 2. The user equipment (UE) is
equipped with an analog planar TTD array receiver with
NR antennas, arranged in an Naz × Nel rectangular array.
Beam training occurs in the downlink. The BS transmits a
single OFDM symbol over a set of subcarriers, M, where
M = |M| subcarriers are loaded out of a total of Mtot. The
m-th subcarrier is loaded with a pilot X[m], m ∈ M which
is precoded using a known frequency-flat beamforming vector
vT ∈ CNT . At the UE side, the received signal at the m-th
subcarrier is combined using a frequency-dependent combiner
wTTD[m].

The wideband frequency selective mmWave channel can
be represented using the geometric multipath model. The
frequency domain channel H[m] ∈ CNR×NT at the m-th
subcarrier is given as

H[m] = ρ
L∑

l=1

g̃l[m]aR

(
ϕ
(R)
az,l, ϕ

(R)
el,l , fm

)
aHT

(
ϕ
(T)
az,l, ϕ

(T)
el,l , fm

)
(1)

where L is the number of multipath component (MPC),
g̃l[m] =

∑M−1
i=0 e−j 2πm

M pc (iTs − τl) is the complex gain of
the l-th MPC, and function pc(t) is the time domain response
filter. The terms ϕ

(T)
az,l, ϕ

(T)
el,l, ϕ

(R)
az,l, ϕ

(R)
el,l are the angle of

departure (AoD) in the azimuth plane, AoD in the elevation
plane, angle of arrival (AoA) in the azimuth plane, and AoA in
the elevation plane of the l-th MPC. The terms λc = c/fc and
c denote carrier wavelength and the speed of light respectively.
The vectors aR

(
ϕ
(R)
az,l, ϕ

(R)
el,l , fm

)
and aT

(
ϕ
(T)
az,l, ϕ

(T)
el,l , fm

)
are

Fig. 2: Illustration of the transceiver and channel model.

the array responses at the receiver and transmitter respectively.
The array response vector is given by the Kronecker product
of the array responses in the azimuth and elevation planes as
follows

aR (θaz, θel, fm) = aaz (θaz, θel, fm)⊗ ael (θel, fm) (2)

[aaz (θaz, θel, fm)]naz
= e−jπ(naz−1) fm

fc
sin θaz sin θel

[ael (θel, fm)]nel
= e−jπ(nel−1) fm

fc
cos θel .

(3)

The frequency fm corresponding to the m-th subcarrier is
defined as

fm =

{
fc +

m
M
BW, 0 ≤ m < M

2

fc − BW
2

+
(m−M

2 )
M

BW, M
2

≤ m < M
(4)

With the assumed system model, the received OFDM pilot
at the m-th subcarrier after analog TTD combining is

Y [m] = wH
TTD [m]H[m]vTX[m] +N [m], (5)

where N [m] ∼ CN (0, σ2
n ) is a sample of complex Gaussian

noise at the m-th subcarrier.

C. TTD combiners and beamforming gain

The TTD combiner wTTD[m] ∈ CNR is given by the
Kronecker product of the frequency-dependent antenna weight
vectors, waz[m] ∈ CNaz and wel[m] ∈ CNel , in the azimuth
and elevation planes respectively.

wTTD[m] = waz[m]⊗wel[m] (6)

where, [waz[m]]naz
= exp (j2πfm(naz − 1)∆τaz) and

[wel[m]]nel
= exp (j2πfm(nel − 1)∆τel).

The beamforming gain in the direction (θaz, θel) for
the beam centered at the frequency fm is denoted by
G (θaz, θel, fm) and it can be expressed as the product of the
beamforming gains in the azimuth Gaz (Ψaz) and elevation
Gel (Ψel) as follows

G (θaz, θel, fm) =
1

NR
|wH

TTD[m]aR (θaz, θel, fm) |2

= Gaz (θaz, θel, fm)Gel (θel, fm) = Gaz (Ψaz)Gel (Ψel)
(7)

where Ψaz = 2fm∆τaz + (fm/fc) sin θaz sin θel and Ψel =
2fm∆τel + (fm/fc) cos θel are the frequency-angle depen-
dent arguments of the respective gain functions. The gains
Gaz (Ψaz) and Gel (Ψel) are defined as

Gaz (Ψaz) =
1

Naz

∣∣∣∣∣ sin
[
Naz

π
2Ψaz

]
sin

[
π
2Ψaz

] ∣∣∣∣∣
2

(8)
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Gel (Ψel) =
1

Nel

∣∣∣∣∣ sin
[
Nel

π
2Ψel

]
sin

[
π
2Ψel

] ∣∣∣∣∣
2

. (9)

The gain Gaz (Ψaz) achieves the peak gain of Naz at Ψaz = 0
and it is periodic in Ψaz with the period 2 [11, Chapt 7.2.4].
Likewise, Gel (Ψel) achieves the peak gain of Nel at Ψel = 0
with the same period.

D. Problem formulation

1) 3D rainbow beam codebook design: The objective is
to design the TTD planar array parameters, i.e. the delay
tap spacings ∆τaz and ∆τel, and the number of subcarriers
needed (M ), to create frequency-dependent probing beams that
can scan the entire 3D spherical angular space with sufficient
beamforming gain. In other words, we need to find the limiting
set of design parameters S that can achieve full spherical
coverage, where any arbitrary direction (θaz, θel) sees at least
one beam with beamforming gain ≥ (1 − ϵ)NR, where ϵ is
the gain sounding factor.

S = {(∆τaz,∆τel,M) | min
θaz,θel

max
m

G (θaz, θel, fm) ≥ (1− ϵ)NR

∀ (θaz, θel) ∈ ([−π/2, π/2], [0, π])

Spherical coverage efficiency: Realising the need
for a metric to quantify spherical coverage, we de-
fine spherical coverage efficiency ηcov as the ratio of
the continuous solid-angular region given by A ={
(θaz, θel)

∣∣max
m

G (θaz, θel, fm) ≥ (1− ϵ)NR

}
, and the

total target solid-angular region of 2π, and is expressed as
follows

ηcov =
1

2π

∫∫
(θaz,θel)∈A

sin θeldθeldθaz (10)

The spherical coverage efficiency computed on a discrete
angular grid is the ratio of the cardinality of the set Agrid

and the total number of grid elements.
We adopt a three step approach for our 3D rainbow beam

codebook design problem to achieve full spherical coverage.
i Derive the beam-centres of frequency-dependent beams

as a function of the delay tap spacings ∆τaz and ∆τel.
ii Define and express beam widths along the azimuth and

elevation planes as a function of array dimensions and
gain constraints in each plane.

iii Derive the conditions on (∆τaz,∆τel) and number
of used subcarriers M to construct a codebook that
achieves full (100%) spherical coverage.

2) 3D TTD codebook based fast beam training: Using the
3D beam codebook constructed with optimal design parame-
ters in S, we propose a frequency-domain power-based beam
training algorithm to estimate the dominant AoA pair (azimuth
and elevation angles) from the received pilots Y [m] of a single
OFDM training symbol.

III. 3D TTD BEAM CODEBOOK DESIGN

In this section, we propose the design of 3D beam codebook,
i.e. the TTD planar array parameters ∆τaz , ∆τel, and M , for
a given array size. We first explain how the beam-centres are
related to the subcarrier frequencies and delay spacings, by

analyzing the beamforming gain expressions, in Sec. III-A.
In Sec. III-B, we define beam widths along the azimuth and
elevation planes as a function of number of antennas and gain
constraints in the respective planes. We then discuss how the
choice of delay tap spacings ∆τaz and ∆τel affect rainbow
beam trajectory and coverage in Sec. III-C. These insights
lead us to derive the optimal delay spacings and number of
training subcarriers that ensure full (100%) spherical coverage
as defined in (10).

A. Frequency-dependent beam-centres

The pointing direction of the beam centred at frequency
fm is defined as the angle pair

(
θ⋆az,m, θ⋆el,m

)
that sees

the maximum beamforming gain. That is,
{
θ⋆az,m, θ⋆el,m

}
={

(θaz, θel)
∣∣G (θaz, θel, fm) = NR

}
. It follows from (7), (8)

and (9) that the beam-centres must also individually maximise
the azimuth and elevation beamforming gain functions. i.e.
Gaz

(
θ⋆az,m, θ⋆el,m, fm

)
= Naz ; Gel

(
θ⋆el,m, fm

)
= Nel.

Exploiting the periodicity of Gaz (Ψaz) and Gel (Ψel) with
respect to the spectral-spatial arguments Ψaz and Ψel (pe-
riod = 2), we obtain the analytical expressions for beam-
centres in terms of azimuth and elevation angles by equating
Ψaz,m and Ψel,m to even integers 2z, where z ∈ Z. Since
Gel (Ψel) depends only on θel, we first compute θ⋆el,m by
solving (11). The beam-centre azimuth can then be found as
θ⋆az,m =

{
θaz

∣∣G(
θaz, θ

⋆
el,m, fm

)
= Naz

}
. We compute θ∗az,m

by solving (12).

2fm∆τel +
fm
fc

cos θel = 2z ; z ∈ Z (11)

2fm∆τaz +
fm
fc

sin θaz sin θel = 2z ; z ∈ Z (12)

The beam-centre expressions have been summarised in (13).
The detailed analysis of the different formula cases and the
derivation have been provided in Appendix A.

B. Beam width Ω(ϵ,N)

The spatial occupancy of beams is defined by a continuous
angular region Am that satisfies the minimum beamforming
gain constraint with respect to gain constant ϵ. Mathematically,
Am can be defined as follows

Am =
{
(θaz, θel)

∣∣G (θaz, θel, fm) ≥ (1− ϵ)NR

}
. (14)

The occupancy can also be defined in the azimuth and ele-
vation by Aaz,m and Ael,m, respectively. The regions Aaz,m

and Ael,m are obtained by separately solving the beamforming
gain constraints in the two planes with respect to constants ϵaz
and ϵel respectively, and they can be mathematically expressed
as follows

Aaz,m =
{
(θaz, θel)

∣∣Gaz (θaz, θel, fm) ≥ (1− ϵaz)Naz

}
, (15)

Ael,m =
{
(θaz, θel)

∣∣Gel (θel, fm) ≥ (1− ϵel)Nel

}
. (16)

Fig. 3 illustrates the three regions using a beam example.
Note that the intersection of the two angular regions in (15)
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θ⋆el,m =


cos−1

[
1− mod

(
2fc∆τel + 1, 2 fc

fm

)]
, if fm

2fc
≥ amin 1⃝

cos−1
[
1− 2 fc

fm
− mod

(
2fc∆τel + 1, 2 fc

fm

)]
, if fm

2fc
≥ amax 2⃝

No solution, if fm
2fc

< amin 3⃝

θ⋆az,m =


sin−1

[
1− mod

(
2fc∆τaz
sin θ⋆

el,m
+ 1, 2 fc

fm

1
sin θ⋆

el,m

)]
, if fm

2fc
≥ bmin 4⃝

sin−1
[
1− 2 fc

fm sin θ⋆
el,m

− mod
(

2fc∆τaz
sin θ⋆

el,m
+ 1, 2 fc

fm

1
sin θ⋆

el,m

)]
, if fm

2fc
≥ bmax 5⃝

No solution, if fm
2fc

< bmin 6⃝

amin = min {1− mod (fm∆τel, 1) ,mod (fm∆τel, 1)}
amax = max {1− mod (fm∆τel, 1) ,mod (fm∆τel, 1)}

;
bmin = min {1− mod (fm∆τaz, 1) ,mod (fm∆τaz, 1)}
bmax = max {1− mod (fm∆τaz, 1) ,mod (fm∆τaz, 1)}

(13)

Fig. 3: Angular regions Aaz,m, Ael,m and Am satisfying azimuth
and elevation beamforming gain constraints (15) (16), and overall
beamforming gain constraint (14) respectively. Here, Naz = 2,
Nel = 4, ϵ = 0.5, ϵaz = ϵel = 1−

√
1− ϵ = 0.2929.

and (16), denoted by a red dotted rectangle in Fig. 3, roughly
coincides with the elliptical region Am. In fact, when the
condition (1 − ϵaz)(1 − ϵel) ≥ (1 − ϵ) is satisfied, the
rectangle is inscribed in Am. The beam widths Ω (ϵaz, Naz)
and Ω (ϵel, Nel) can be inferred from the dimensions (angular
span) of the dotted rectangle along the azimuth and elevation
planes, respectively. The beam width is inversely proportional
to the number of antennas in the respective plane, i.e.,
Ω (ϵ,N) ∝ 1/N . Ω (0.5, N) = 0.886

N , Ω
(

1√
2
, N

)
= 0.63784

N

[12, Chapt 22.7].

C. Choice of ∆τaz and ∆τel

The choice of delay tap spacings ∆τaz and ∆τel de-
termines the angular separation between consecutive beams
along the azimuth and elevation planes, thereby impacting the
frequency-spatial spread of the beams across the 3D angular
region. The ratio K = ∆τaz/∆τel governs the relative angular
separation between consecutive beams in the azimuth and

Fig. 4: Trajectory of beam-centres of all beams for different values
of K. 1. K = 1, ∆τel =

1
BW

. 2. K = 3, ∆τel =
1

BW
. 3. K = 1/3,

∆τel =
3

BW
. 4. ∆τel =

1
5BW

, ∆τaz = 1
8BW

.

elevation planes, and in an intuitive sense, defines the local
slope of beam trajectory in the region θaz −→ 0, θel −→ π/2.

lim
θaz −→ 0

θel −→ π/2

(
∆θel
∆θaz

)
≈ 1

K
(17)

Our previous work on linear TTD arrays with uni-
form delay spacing ∆τ showed that beam-spread over
the entire angular range along the plane could only be
achieved if ∆τ ≥ (1/BW ) [13]. To ensure beam-
spread over the entire azimuth and elevation angular ranges
([−π/2, π/2] and [0, π] respectively ), the planar TTD array
delay spacings must satisfy ∆τel ≥ 1/BW and ∆τaz ≥
1/BW . With K < 1, or equivalently ∆τaz < ∆τel, con-
secutive beams exhibit greater angular separation along the
elevation than along the azimuth, which leads to multiple steep
sloped (near-vertical) beam trajectories, as seen in Fig. 4 and
Fig. 5(b). On the other hand, when K > 1, or equivalently
∆τaz > ∆τel, consecutive beams experience greater angular
separation along the azimuth than along the elevation, resulting
in K horizontally oriented beam trajectories. As K increases,
the spherical coverage efficiency of the beams improves, as is
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(a) (b) (c) (d) (e)

Fig. 5: The total beam scan patterns of all subcarriers plotted on a 128 × 128 azimuth-elevation angle grid. The color map denotes the
beamforming gain. Naz = Nel = 8, fc = 60GHz, BW = 6GHz, Kopt = 26, M = 128 unless stated otherwise. (a) ∆τel = 1

BW
,

∆τaz = 5
BW

, K = 5, ηcov = 46.4%. (b) ∆τel =
5

BW
, ∆τaz = 1

BW
, K = 1

5
, ηcov = 52.3%. (c) ∆τel =

1
2BW

, ∆τaz = 26
BW

, K = 26,
ηcov = 37.1%. (d) ∆τel =

1
BW

, ∆τaz = 26
BW

, K = 26, M = 128, ηcov = 93.62%. (e) ∆τel =
1

BW
, ∆τaz = 26

BW
, K = 26, M = 256,

ηcov = 99.9%.

Fig. 6: Constrain elevation angle separation between adjacent trajec-
tories along a chosen θ∗az .

seen in Fig. 5
The above discussion clearly establishes that optimising the

ratio K = ∆τaz/∆τel is the first step towards achieving
beams with full spherical coverage. In this paper, we focus
on the case where K > 1 or ∆τaz > ∆τel. There are K
horizontally oriented beam trajectories. We fix an arbitrary
θ∗az , and consider the beam-centres from each of the K
trajectories lying along the chosen azimuth angle. The intuition
here is to fix ∆τel = 1/BW and determine the smallest
value of ∆τaz = K/BW such that the elevation angle
separation between adjacent beam-trajectories is smaller than
the elevation beam-width Ω(ϵel, Nel) for any given azimuth
angle θ∗az , as illustrated in Fig. 6. Mathematically, this can be
expressed as follows

min
m1,m2

∣∣θel,m1|θ∗
az

− θel,m2|θ∗
az

∣∣ ≤ Ω(ϵel, Nel) (18)

The above condition ensures that the beams of two adjacent
trajectories are close enough, such that no additional beams
can be accommodated between them without spatial overlap.

Ignoring the beam squint effect, i.e., assuming fm/fc ≈
1, the associated pointing direction angle pairs along a fixed
azimuth angle θ∗az satisfy the following conditions

2fmK

BW
+ sin (θel,m) sin (θ∗az) = 2z1

2fm
BW

+ cos (θel,m) = 2z2 , z1, z2 ∈ Z
(19)

Combining the equations in (19), we get the following

A cos
(
θel,m + ϕ̂

)
= 2(Kz2 − z1)

=⇒ θel,m = 2nπ ± cos−1

(
2

A
(Kz2 − z1)

)
− ϕ̂

(20)

where A =
√
K2 + sin2(θ∗az) and ϕ̂ = tan−1 (sin(θ∗az)/K).

It can be shown that as K increases, the elevation angle separa-
tion between beams along a fixed azimuth angle decreases. By
solving (18) and (20) for the set of subcarriers mapped to the
region (0±∆θaz, π/2±∆θel), where ∆θaz −→ 0,∆θel −→ 0,
we obtain the optimal ratio K ≥ 2/Ω (ϵel, Nel). For example,
with ϵel = 1/

√
2, K ≈ 2Nel × 1.56. Therefore, choosing the

spacings ∆τaz and ∆τel as

∆τaz ≥ K

BW
, ∆τel ≥

1

BW
, K ≥ 2

Ω (ϵel, Nel)
, (21)

ensures sufficient beam proximity along the elevation, and the
coverage of the entire azimuth and elevation angle ranges. The
maximum delay range required is therefore (Naz − 1)∆τaz+
(Nel − 1)∆τel.

D. Optimal number of subcarriers M

Constraining beam separation along the elevation by op-
timally selecting the delay spacings in accordance with (21)
alone is not enough to achieve full spherical coverage. We also
need to ensure beam proximity along the azimuth plane. For
a given set of array parameters, fixing the ratio of the delay
spacings K sets the trajectory that beams can follow, and in
turn, the beam separation along the elevation. How closely
packed the beams are along these trajectories now depends
on the number of subcarriers used for the codebook. As can
be easily verified from the expressions in (13), increasing the
number of subcarriers used, while keeping all array parameters
fixed, results in more closely spaced beams. In other words, the
beam separation along the azimuth decreases as the number
of subcarriers increases. Our objective is to determine the
lower bound on the number of subcarriers for which the
azimuth angle separation between adjacent beams along a
given elevation angle θ∗el is smaller than the beam width in the
azimuth Ω (ϵaz, Naz), as illustrated in Fig. 7. This is expressed
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Fig. 7: Constrain adjacent beam separation in the azimuth plane
along a chosen θ∗el.

as follows

min
j, given θ∗

el

|θaz,j − θaz,j+1| ≤ aΩ (ϵaz, Naz) . (22)

Here, a ≥ 1 is a relaxation constant, representing the extent
of relaxation in the azimuth beam-proximity constraint in (22).
(a = 1) indicates strict proximity and can be visualised
by perfectly touching ellipses in Fig. 7. Upon finding the
pointing directions of consecutive beams along a given θ∗el
and accounting for the constraint in (22), the lower bound on
the number of subcarriers needed to achieve full coverage can
be given as follows

M ≥ 4

a

BW∆τel
Ω (ϵaz, Naz) Ω (ϵel, Nel)

(23)

The complete derivation of (23) is provided in Appendix B.
The 3D rainbow beam codebook designed in accordance

with (21) and (23) can be shown to achieve 100% spherical
coverage based on (10). This completes the 3D rainbow beam
codebook design problem.

IV. 3D BEAM TRAINING ALGORITHM

This section proposes a power-based beam training algo-
rithm that leverages the 3D rainbow beam codebook designed
in Sec. III.

The designed codebook ensures that different angular di-
rections are probed with different OFDM subcarriers. Thus,
information of the AoA associated with the dominant propa-
gation direction is embedded in the signal spectrum. Due to
the deterministic frequency-spatial mapping described in (13),
the AoA angle pair (θ̂az, θ̂el) can be estimated by identifying
the subcarrier with the highest received signal power. The
signal power p̂[m] at the m-th subcarrier can be computed
as p̂[m] = |Y [m]|2. Assuming that m∗ is the index of the
subcarrier with the highest power, the beam training algorithm
can be summarized as follows

(θ̂az, θ̂el) = (θaz,m∗ , θel,m∗) , where m∗ = argmax
m

|Y [m]|2

(24)
Since this is a lookup table based approach, the AoA estima-
tion accuracy is limited by the number of angular directions
that are probed in the azimuth and elevation. With M subcar-
riers used for beam training, the complexity of the algorithm
in (24) scales as O(M).

V. SIMULATION RESULTS

This section presents simulation results to illustrate the
performance of the beam training algorithm.

The simulation utilizes QuaDRiGa simulator [14] with
mmMAGIC 28GHz channel model [15] in urban micro (UMi)

0 5 10 15 20 25 30 35
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Fig. 8: AoA estimation RMSE for θaz against azimuth array
dimension Naz , with constant Nel = 8 antennas.

line-of-sight (LoS) environment. We consider the carrier
frequency fc =60GHz, bandwidth 400MHz, and receiver
antenna array with Nel = 8 antennas along the elevation
plane, whereas Naz is variable. We choose gain constants
ϵ = 0.5, ϵaz = ϵel = 1/

√
2. The delay tap spacings

∆τel = 1/BW =2.5 ns, ∆τaz = 2/Ω (ϵel, Nel) =65 ns.
The number of subcarriers is M = 4 (20×Naz) /a, where
a ≥ 1 represents a relaxation in (22). Each array geometry
investigated achieves ηcov = 100% for the array parameters
considered.

Fig. 8 presents the root mean square error (RMSE) of
the estimated azimuth angle against the number of azimuth
antennas Naz . The performance is evaluated for two dif-
ferent values of base signal-to-noise ratio (SNR), including
SNRo = 0 dB and SNRo = 10 dB1.As expected, the
azimuth angle estimation RMSE is seen to decrease as the
number of azimuth antennas Naz increases. Larger arrays
have narrower beams since Ω(ϵaz, Naz) ∝ 1

Naz
, which in turn

improves the estimation accuracy of the azimuth AoA.
Increasing SNRo from 0 dB to 10 dB results in a decreased

RMSE for θ̂az for all Naz . Further, a codebook with the
optimal number of subcarriers (a = 1, no relaxation) performs
significantly better than the relaxed codebook (a = 2) for
smaller array sizes. However, as Naz increases beyond 16
antennas, the strict codebook achieves comparable estimation
RMSE to the relaxed codebook at the same SNR. This
suggests that codebook relaxations can achieve reasonably
good estimation accuracy for large arrays, thereby hinting at a
trade-off that could be exploited to reduce the codebook size,

1As the array dimension along the azimuth increases, the number of needed
subcarriers M increases. In order to maintain a constant SNR per subcarrier,
we increase the total transmit power as the array size increases. This, however,
increases the total SNR. The base SNR for the smallest array size being
studied (Naz = 4, Nel = 8) is denoted by SNRo. The total received SNR
varies with the number of azimuth antennas as follows

SNRNaz2
= SNRNaz1

+ 10 log10

(
MNaz2

/MNaz1

)
to ensure a constant SNR per subcarrier. Thus, the transmit power adjustment
term of log10

(
MNaz2

/MNaz1

)
is needed when the azimuth array size is

increased from Naz1 to Naz2 .
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algorithm complexity, and power consumption, depending on
the array size.

VI. CONCLUSIONS AND FUTURE WORKS

In this work, we present the design of 3D Rainbow beam
codebook using a TTD planar array for fast beam training in
wideband millimeter wave systems. With a dedicated delay
network along the azimuth and elevation planes, it is possible
to realise frequency dependent beams spanning the entire 3D
angular space with a single OFDM symbol. We obtained the
frequency-spatial relation of the 3D codebook beams by deriv-
ing mathematical expressions for beam-centres as a function of
TTD planar array parameters and subcarrier frequency, thereby
establishing that the beam-coverage depends on the design of
delay taps and the number of subcarriers used in the codebook.
We then derived the optimal delay spacings along the azimuth
and elevation planes, and the number of subcarriers needed,
to construct a 3D beam codebook that achieves full spherical
coverage across the 3D hemisphere. Based on this codebook, a
single-shot power-based beam training algorithm is proposed.
Simulation results show that the AoA estimation accuracy
depends on the array geometry and codebook design.
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APPENDIX A
DERIVATION OF BEAM-CENTRES IN (13)

Beam-centres
{
θ⋆az,m, θ⋆el,m

}
are the angle pair that achieve

the maximum beamforming gain NR.{
θ⋆az,m, θ⋆el,m

}
=

{
(θaz, θel)

∣∣G (θaz, θel, fm) = NR

}
(25)

=⇒ Gaz

(
θ⋆az,m, θ⋆el,m, fm

)
= Naz ; Gel

(
θ⋆el,m, fm

)
= Nel

As discussed in Sec. III-A, we first solve for θ∗el,m. By
L’Hospital rule, Gel (Ψel) = Nel when Ψel = 0, since

limΨel−→0

∣∣∣∣∣ sin[Nel
π
2 Ψel]

sin[π2 Ψel]

∣∣∣∣∣
2

= N2
el. The elevation beam-centre

angle can be obtained by solving (11). We first find the permis-
sible values of z ∈ Z so as to satisfy the range of the cosine
function: cos(θel) = 2 (fc/fm) (z − fm∆τel) ∈ [−1, 1] as
shown below.

fm∆τel −
1

2

fm
fc

≤ z ≤ fm∆τel +
1

2

fm
fc

; z ∈ Z (26)

We then substitute these integer values of z back into (11)
to obtain θ⋆el,m. It is clear from (26) that z lies in an interval
of length fm/fc. If (fm/fc) < 1, then z has a solution if the
interval contains an integer. If (fm/fc) ≥ 1, then z can have
one or two solutions depending on the number of integers in
the interval. This gives rise to three cases.

Case 1: No solution. This happens only when (fm/fc) < 1,
and the permissible range of z does not contain any integer.

This condition can be mathematically represented by the
following inequalities.

⌊fm∆τel⌋ ≤ fm∆τel −
1

2

fm
fc

=⇒ 1

2

fm
fc

≤ mod (fm∆τel, 1)

(27)

⌊fm∆τel⌋+ 1 ≥ fm∆τel +
1

2

fm
fc

=⇒ 1

2

fm
fc

≤ 1− mod (fm∆τel, 1)

(28)

Note that ⌊bo⌋ = bo − mod (bo, 1). Equations (27) and (28)
imply that there is no integer solution z that satisfies (11). Con-
sequently, θ⋆el,m has no solution. Physically, this means that
subcarriers satisfying (27) and (28) do not achieve maximum
elevation gain = Nel, and in turn, maximum beamforming
gain = NR, at any θel. Equations (27) and (28) can be
summarised as:

1

2

fm
fc

< min {mod (fm∆τel, 1) , 1− mod (fm∆τel, 1)}

=⇒ θ∗el,m : no solution

Case 2: One solution. The interval of length (fm/fc)
contains exactly one integer. Here, we consider two sub-cases
depending on the relative position of this integer, say zo, with
respect to fm∆τel.

i Integer zo ∈ [fm∆τel − (fm/2fc) , fm∆τel):
This can be captured using the condition
⌊fm∆τel⌋ ≥ fm∆τel − (fm/2fc), which simplifies
to 1

2
fm
fc

≥ mod (fm∆τel, 1). The condition
⌊fm∆τel⌋ + 1 ≥ fm∆τel + (fm/2fc) further enforces
the presence of a single integer solution, which upon
simplification yields 1

2
fm
fc

≤ 1 − mod (fm∆τel, 1).
Thus, z has one solution when fm satisfies
1
2
fm
fc

∈ [mod (fm∆τel, 1) , 1− mod (fm∆τel, 1)),
for mod (fm∆τel, 1) < 1− mod (fm∆τel, 1).

ii Integer zo ∈ [fm∆τel, fm∆τel + (fm/2fc)):
This can be captured using the conditions
⌊fm∆τel⌋ + 1 ≤ fm∆τel + (fm/2fc) and
⌊fm∆τel⌋ ≥ fm∆τel − (fm/2fc), which
simplify to 1

2
fm
fc

≥ 1 − mod (fm∆τel, 1) and
1
2
fm
fc

≤ mod (fm∆τel, 1) respectively. Thus, the range
of frequencies for which z has one solution is given by
1
2
fm
fc

∈ [1− mod (fm∆τel, 1) ,mod (fm∆τel, 1)) when
mod (fm∆τel, 1) ≥ 1− mod (fm∆τel, 1).

Upon combining the mutually exclusive cases (i) and (ii),
we summarize the condition on (fm/2fc) for single solution,
as shown below. The integer z takes the value ⌊fm∆τel +
(fm/2fc)⌋, which upon substitution in (11), yields θ⋆az,m.

min {mod (fm∆τel, 1) , 1− mod (fm∆τel, 1)} ≤
1

2

fm
fc

< max {mod (fm∆τel, 1) , 1− mod (fm∆τel, 1)}

=⇒ θ⋆el,m = cos−1

[
1− mod

(
2fc∆τel + 1, 2

fc
fm

)]
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Case 3: Two solutions− This happens when (fm/fc) > 1.
The two solutions are z1 = ⌊fm∆τel + (fm/2fc)⌋ and
z2 = ⌊fm∆τel + (fm/2fc)⌋ − 1. The conditions ascertaining
two solutions are ⌊fm∆τel⌋ ≥ fm∆τel − (fm/2fc) and
⌊fm∆τel⌋ + 1 ≤ fm∆τel + (fm/2fc), which simplify to
1
2
fm
fc

≥ mod (fm∆τel, 1) and 1
2
fm
fc

≥ 1 − mod (fm∆τel, 1)
respectively, resulting in the following.

1

2

fm
fc

≥ max {mod (fm∆τel, 1) , 1− mod (fm∆τel, 1)}

=⇒ θ⋆el,m1
= cos−1

[
1− mod

(
2fc∆τel + 1, 2

fc
fm

)]
θ⋆el,m2

= cos−1

[
1− 2

fc
fm

− mod

(
2fc∆τel + 1, 2

fc
fm

)]
Having found θ⋆el,m, the azimuth beam-centre angle can

be determined as θ⋆az,m =
{
θaz

∣∣∣G(
θaz, θ

⋆
el,m, fm

)
= Naz

}
.

We compute θ⋆az,m by solving (12) in a similar manner
as we did for θ⋆el,m. The permissible range of z is now
given by fm∆τel − sin θ⋆el,m (fm/2fc) ≤ z ≤ fm∆τel +
sin θ⋆el,m (fm/2fc) ; z ∈ Z. We set up three cases: for no
solution, one solution and two solutions in the same manner
as we did for the elevation beam-centre, and thereby obtain
the expressions for θ⋆az,m as given in (13).

APPENDIX B
DERIVATION OF OPTIMAL RATIO K = ∆τaz/∆τel

The analysis in Sec. III-C restricts attention to subcarriers
with frequency close to fc, i.e., assuming fm/fc ≈ 1.
Combining the equations in (19), we get the following

K (2z2 − cos(θel,m)) + sin(θel,m) sin(θ∗az) = 2z1

=⇒ (sin(θel,m) sin(θ∗az)−K cos(θel,m)) = 2Kz2 − 2z1

=⇒ A cos (θel,m + ϕ) = 2 (Kz2 − 2z1)

=⇒ θel,m = 2nπ ± cos−1

(
2

A
(Kz2 − z1)

)
− ϕ̂

where A =
√
sin2 θ∗az +K2 and ϕ = tan−1 (sin(θ∗az)/K).

The first order approximation of the Taylor series of cos−1 x
gives us θel,m = 2nπ ±

(
π
2 − 2

A (Kz2 − z1)
)
− ϕ̂. Thus,

the minimum elevation-angle separation between adjacent
horizontal trajectories is given by 2

A ≈ 2
K . Solving the

constraint in (18) gives us 2
K ≤ Ω(ϵel, Nel), which upon

further simplification, yields the optimal ratio K described in
(21).

APPENDIX C
DERIVATION OF NUMBER OF NEEDED SUBCARRIERS M

Consider adjacent beams centred at frequencies fm1 and
fm2, along the elevation angle θ∗el. Assuming fm/fc ≈ 1 and
θ∗el −→ π/2, we compute the azimuth angle separation between
their beam-centres as follows:

2fm∆τaz + sin(θaz,m) sin(θ∗el) = 2z ; z ∈ Z

=⇒ sin(θaz,m) =
2

sin θ∗el
(z − fm∆τaz)

=⇒ θaz,m = sin−1

(
2

sin(θ∗el)
(z − fm∆τaz)

)
≈ 2z − 2fm∆τaz

This follows from the first order approximation of Taylor
series expansion of sin−1(x), and limθ−→π

2
sin θ = 1. The

azimuth angle separation |θaz,m1
− θaz,m2

| can thus be ap-
proximated as 2|fm1− fm2|∆τaz . Since |fm1− fm2| = BW

M ,
the azimuth angle separation becomes 2 × BW

M ∆τaz . Upon
substitution in (22), we get 2 × BW

M ∆τaz ≤ aΩ (ϵaz, Naz)
=⇒ M ≥ 2

a
BW×∆τaz

Ω(ϵaz,Naz)
. Adhering to the optimal K described

in (21) gives us the lower bound on M obtained in (23).
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