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Multi-rate Polyphase DSP and LMS Calibration Schemes
for Oversampled ADCs

Subhanshu Gupta & Yi Tang & Jeyanandh Paramesh &

David J. Allstot

Abstract A scaling-friendly approach for the low-power
calibration of oversampled analog-to-digital (A/D) systems
is presented. A 22-dB amplifier relaxes the design con-
straints of the analog front-end (AFE). The integrator non-
idealities in the AFE of the sigma-delta (ΣΔ) ADC are
calibrated using a multi-rate polyphase least-mean squares
(LMS) algorithm. The proposed half- (fs/2) and quarter-rate
(fs/4) LMS calibration schemes reduce computational com-
plexity and achieve more than 2.5× savings in digital power
consumption for low-OSR (over-sampling ratio)ΔΣ ADCs,
which require higher adaptive filter orders and sampling
frequencies. The proposed scheme can have further appli-
cations in serial-link I/O and sub-band echo cancellation
architectures.

Keywords Multi-rate . Adaptive LMS . Decimation .

Polyphase decimation . Noble identities . Sigma-delta .

Delta-sigma . Oversampled ADC . Fixed-point multi-rate
implementation . Low-gain opamp . Calibration accuracy

1 Introduction

Traditionally, communication receivers, wireless/wireline
transceivers, tv tuners etc., have enjoyed the relaxed require-
ments of Analog-Digital Converters (ADC), with most of
the gain and channel filtering being performed in the analog
domain before digitization. Recently, however, the growth in
wide-bandwidth applications with reduced power and
higher receiver efficiency has forced most of these operations
to the digital domain. These applications require a resolution of
8–12 bits in the bandwidth range of 1–40 MHz. Concurrently,
such architectures must also minimize power consumption.

Nyquist-rate pipeline and over-sampled ΣΔ convert-
ers have been typically used for these applications. The
former can realize 10–12 bits of resolution [1] but
require digital background calibration or error correction,
resulting in increased complexity. ΣΔ converters are an at-
tractive solution and can achieve higher resolutions of 12–16
bits with a low over-sampling ratio (OSR) typically of the
order of 8–16X [2–4]. For fixed signal bandwidths, low OSR
means a lower sampling frequency on the order of a few
hundred MHz thereby reducing the design complexity of the
anti-aliasing and decimation filters that follow. In essence,
therefore, a low-OSR design paradigm shifts the modulator
design challenge from maximizing speed to minimizing pow-
er consumption.

CMOS scaling provides ever faster and more energy-
efficient digital gates at the cost of analog circuits with
greater process, voltage, and temperature (PVT) variations,
less gain per stage, lower linearity, reduced supply voltages,
etc. As a consequence, the pure analog design approach of
the past that relies on well-matched passive and active
components (e.g., op-amps with high gain, linearity, and
output swings, etc.) has given way to a new mixed-signal
design paradigm—digitally-assisted analog circuits [5–7].
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This approach enables high performance using DSP and
adaptive calibration techniques to estimate and correct
errors associated with the use of low-performance analog
circuits. Therefore, it is necessary to choose an analog front-
end architecture that consumes low power and provides
sufficient linearity for use with linear (e.g., least-mean-
square (LMS)) calibration techniques. An equally important
goal, which has received much less attention, is the devel-
opment of low-power back-end DSP/calibration architec-
tures. Overall energy efficiency is also critical as the
calibration needs to be done every few packets in a typical
communications application. Noble identities and polyphase
filtering techniques enable decimation prior to calibration in
an oversampled ΣΔ ADC. Consequently, the overall dy-
namic power dissipation is reduced significantly with only a
modest increase in the complexity of the digital circuitry [8].
These techniques are validated in this work by the demon-
stration of a complete ΣΔ ADC front-end and digital back-
end.

Section 2 describes the ADC front-end implemented
as cascaded ΣΔ ADC stages. It uses op-amps with only
22-dB gain to save power and relax design constraints
in sub-nm low-voltage CMOS technologies. Section 3
briefly reviews the system-level trade-offs associated
with the use of these low-gain op-amps. Section 4
describes the sign-data LMS algorithm and its hardware
implementation. Section 5 presents the proposed calibra-
tion schemes for the noise-cancelling digital back-ends,
and compares the full-, half- and quarter-rate LMS
architectures. Measurement results are given in Section 6
followed by conclusions in Section 7.

2 Cascade ΣΔ ADC

In contrast to the stability concerns characteristic of
high-order (L>2) single-stage architectures, a two-stage
cascade modulator with second-order loops in both
stages provides fourth-order noise shaping with inherent
stability [2–4]. A block diagram representation of a 2–2
cascade ΣΔ ADC is shown in Fig. 1(a) and a simplified
form in terms of the signal and noise transfer functions is
shown in Fig. 1(b). Figure 1(c) shows the hardware
switched-capacitor implementation of the ADC front-end.
Consider the cascade modulator of Fig. 1(b) in which the
quantization noise of the first stage, Q1(z), is extracted and
re-quantized by the second stage. The outputs of the two
stages, Y1(z) and Y2(z), are input to the noise-cancellation logic
(NCL) block and combined.

It is easily shown that [9]:

Y1ðzÞ ¼ STF1AðzÞX ðzÞ þ NTF1AQ1ðzÞ
Y2ðzÞ ¼ STF2AðzÞQ1ðzÞ þ NTF2AðzÞQ2ðzÞ ð1Þ

where STF1A(z) and STF2A(z) are analog signal transfer
functions, and NTF1A(z) and NTF2A(z) are analog noise
transfer functions of the first and second stages, respectively.
It follows that,

Y ðzÞ ¼ STF1AðzÞSTF2DðzÞX ðzÞþ
NTF1AðzÞ � STF2DðzÞ�
NTF1DðzÞSTF2AðzÞ

� �
Q1ðzÞ

�NTF1DðzÞNTF2AðzÞQ2ðzÞ
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Figure 1 (a) System architecture of the ADC; (b) Simplified repre-
sentation of the cascade scheme; (c) Discrete-time implementation
using switched-capacitor circuits.
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If the noise-cancellation filters are designed such that,

STF2DðzÞ ¼ STF2AðzÞ
NTF2DðzÞ ¼ NTF2AðzÞ

then,

Y ðzÞ ¼ STF1AðzÞSTF2DðzÞX ðzÞ
�NTF1DðzÞNTF2AðzÞQ2ðzÞ

The quantization noise of the first stage, Q1(z), is ideally
cancelled leaving only the quantization noise of the second
stage, Q2(z); note, however, that Q2(z) is high-order noise
shaped by both stages. According to (2), complete cancel-
lation of Q1(z) mandates matching analog signal and noise
transfer functions that change with process, voltage, and
temperature (PVT) variations to their digital filter equiva-
lents in the NCL that do not. Also note from (2) that any
mismatches between the analog and digital transfer func-
tions cause leakage to the output of a fraction of Q1(z),
typically noise-shaped with a lower order.

3 Low-OSR ΣΔ ADCS with Low-Gain OP-AMPS

The integrators in ΣΔ ADCs usually employ op-amps with
DC gains of 50–75 dB. In deep-submicron CMOS technol-
ogy, however, this high gain is difficult to achieve and
comes at the cost of high power consumption and design
complexity. Generally, high op-amp gain is required to
reduce integrator pole/gain errors, suppress op amp non-
linearities, reduce the ADC dead zone, and minimize the
input-referred noise of downstream stages.

Shown in Fig. 2 is a non-inverting switched-capacitor
integrator with parasitic capacitance Cp and two-phase
non-overlapping clocks Φ1 and Φ2. With infinite DC gain,
its transfer function assuming the output is sampled on Φ2 is:

Vout zð Þ
Vin zð Þ ¼ Cs

CF
� z�1

1�z�1

whereas with finite gain, A, the transfer function now
includes gain (εg) and pole (εp) errors,

VoutðzÞ
VinðzÞ ¼ Cs

CF

� �
"g � z�1

1� "p � z�1

defined as:

"g ¼ 1
Cs

A�CF
þ 1þ 1

A

� �þ Cp

A�CF

and "p ¼
1þ 1

A

� �þ Cp

A�CF

Cs
A�CF

þ 1þ 1
A

� �þ Cp

A�CF

With a non-zero pole error, the integrator is leaky; i.e., its
DC gain is no longer infinite. Hence, in ΣΔ ADCs imple-
mented with leaky integrators, noise shaping is degraded
because the zeros of the noise transfer function (NTF)
deviate from their ideal positions.

For example, the output power spectral density of an

ideal fourth-order modulator is shaped with NTFideal ¼
1� z�1ð Þ4 (four zeros at z01) and its practical counterpart

withNTFreal ¼ 1� 0:8z�1ð Þ4(four zeros at z00.8 due to low
op-amp gain) is shaped as shown in Fig. 3. Clearly, the
quantization noise of the non-ideal modulator is much

r
A

ϕ1 Cs ϕ2

ϕ2 ϕ1
Cp

CF

Vout
Vin

Vg

ϕ1

ϕ2

nT-T nT-T/2 nT

Figure 2 Finite-gain non-inverting switched-capacitor integrator and
non-overlapping two-phase clocking scheme.

Figure 3 Ideal and non-ideal (Aopamp010 V/V) fourth-order noise
transfer functions (modeled using Matlab/Simulink).
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higher at low (in-band) frequencies. At higher out-of-band
frequencies, however, the quantization noise spectra exhibit
identical fourth-order (80 dB/decade) noise shaping. For a
high OSR036.25, which corresponds to a bandwidth of [0,
2 MHz], the ideal fourth-order modulator has a signal-to-
quantization-noise ratio (SQNR) of 120 dB whereas its low-
gain counterpart has SQNR096 dB—four bits less than
ideal. In contrast, for a low OSR07.25, which corresponds
to a [0, 10 MHz] bandwidth, quantization noise at high
frequencies dominates so that the SQNR values differ by
less than 1 dB. Therefore, the SQNR of a low-OSR design is
relatively insensitive to the integrator gain/pole errors that
degrade quantization noise filtering at low frequencies. This
key characteristic enables the use of simple low-gain, low-
power, wideband op-amps for OSR04–8 designs. Indeed,
behavioral simulations including non-linear integrator mod-
els and other non-idealities and measurements from a
0.13 μm CMOS prototype confirm that A>10 is adequate
for a fourth-order modulator with OSR07.25.

A feedforward low-distortion topology is selected with a
4-bit quantizer to limit the integrator output swings of the
first (second) integrator, V1 (V2) to about ±1 LSB (±0.5
LSB) [10]. A key advantage of this approach is that because
nth-harmonic distortion is proportional to (Vswing/A)

n, a small
integrator output swing reduces the gain required for nonlin-
earity suppression. Therefore, a multi-bit feed-forward mod-
ulator is able to accommodate op-amps in the integrators with
lower DC gain than in the feedback counterpart. Another key
advantage of the feed-forward topology is that the quantiza-
tion noise,QN, is available directly at the output of the second
integrator:

V1b ¼ z�2QN

This feature is important in high-order cascade modula-
tors. For example, the quantization noise of a second-order
feed-forward first stage is easily digitized by feeding V1b

directly to the second modulator stage as in Fig. 1(a). In
contrast, additional DACs are required to extract the quan-
tization noise of the first-stage modulator in the convention-
al feedback architecture.

4 Digital Noise Calibration Filter

With a non-zero pole error, the integrator is leaky; i.e., its
DC gain is no longer infinite. Hence, in a ΣΔ ADC imple-
mented with leaky integrators (Fig. 4(a)), the noise shaping
(and thus the overall SNR) is degraded after noise cancella-
tion because the zeros of the analog noise transfer functions
deviate from their ideal locations.

Digital calibration is used to minimize the leakage of
Q1(z) to the output so as to maximize the SNR. To ensure
sufficient cancellation of Q1(z), the coefficients of the NCL
filters are adaptively calibrated to match those of the
corresponding on-chip analog transfer functions (Eqns. (1)
and (2)) using a novel combination of polyphase decimation
in a sign-data LMS algorithm. The sign-data LMS algorithm is a
simplified version of the standard LMS algorithm which
makes it easier to implement on digital signal processing
(DSP) devices, ASIC and FPGA boards.

During calibration, the ADC input is grounded (Vin00)
and a linear feedback shift register (LFSR) generates a zero-
mean pseudo-random sequence Ti(n) (Fig. 4(b)). Ti(n) is
added to the output of the first-stage quantizer where it is
effectively filtered by NTF1A. At the same time, a pseudo
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Figure 4 (a) Conventional noise cancellation; (b) sign-data LMS
scheme; (c) noise-cancellation with polyphase decimation-by-2 and
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rate LMS.
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random sequence, Ti(n), is input to an 8-tap finite impulse
response (FIR) filter, NTF1D, whose coefficients are adap-
tively adjusted using the sign-data LMS algorithm [11]:

W nþ 1ð Þ ¼ W ðnÞ þ 2 � μ � eðnÞ � sgn TiðnÞð Þ

where μ is the adaptation step size and e(n), the error signal,
is the difference between the outputs of the first modulator
stage, Y1(n), and the NTF1D FIR filter output, V(n). Note
that when Ti(n) is zero the algorithm does not involve a multi-
plication operation. With Ti(n) non-zero, only one multipli-
cation operation is required. Also, when the step size, μ, equals
a power of 2, only a binary shift operation is needed rather
than a multiplication. These features make the hardware
implementation of sign-data LMS easier compared to the
standard LMS algorithm, however, at a cost of a slower con-
vergence speed and a larger steady-state error.

The coefficients, W(n), of the digital FIR filter, NTF1D,
are continuously adjusted until they converge to the opti-
mum vector, WO(n), wherein e(n) is minimized in the LMS
sense; i.e.,

@ E e2ðnÞ½ �ð Þ
@WoðnÞ ¼ 0 ) WoðzÞ ¼ ΦY1TiðzÞ

ΦTiTiðzÞ
Under the condition that Ti and Q1 are uncorrelated

stationary signals and E[Ti]00,

WoðZÞ¼ ΦY1TiðZÞ
ΦTiTiðZÞ

¼ NTF1AðZÞΦTiTiðZÞ
ΦTiTiðZÞ

¼ NTF1AðZÞ
Ideally, the FIR filter NTF1D will be perfectly matched to

NTF1A after calibration. However, the correlation nature of
the LMS algorithm limits the calibration accuracy. A large
number of iterations are used in conjunction with a small
calibration step size to improve the accuracy at the expense
of calibration time and circuit complexity. The calibration
signal Ti(n) (Fig. 4(b)) is designed to have discrete levels of
±1 LSB or ±2 LSB. A 32-tap linear-feedback shift register is
used to generate the two signal levels with equal probability
to ensure a zero average value; i.e., E[Ti]00. The noise-
cancellation filters (NCF) are implemented as FIR filters
because they are inherently stable; however, they do exhibit
truncation errors compared to their analog IIR counterparts.
Because the LMS error, E[e2(n)], has a single global mini-
mum for FIR filters, the filter coefficients W(n) will always
converge to the optimum value WO(n), but, more taps are
needed to reduce the truncation errors in the FIR-based
NCF filters. Extensive simulations show that 8-tap FIR
filters used in the noise-cancellation filters are sufficient
to achieve the required dynamic range in the ADC.

In multi-channel receiver systems, offline calibration can
be done easily during channel switching. Each channel
switching operation takes a few milliseconds to accomplish.
Operating the LMS calibration circuits at the full sampling
rate of 150 MHz can significantly increase the power con-
sumption. Custom ASIC designs of the constituent adders/
multipliers (not implemented here) can save energy [12].
However, an even simpler and more energy efficient solution
is to operate the NCF and LMS DSP sections at decimated
frequencies. Even if the LMS calibration filter is not operat-
ing, it will help achieve better power efficiency compared to
the conventional decimation filter implementation [13].

4.1 Conventional Design of Decimation Filters
for Oversampled Systems

For efficient decimation filtering, a three-stage approach is
used. A cascaded sinc (sincK(πf/fD) filter, clocked at fs, is used
first to reduce the sampling rate from fs to the intermediate
clock rate fD. The sinc filter is followed by a sharp lowpass
filter clocked at the reduced rate fD. The second stage is
implemented with a cascade of half-band FIR filters and is
followed by a third-stage to incorporate compensation for the
droop introduced by the sincK filter (shown in Fig. 4(a)).

4.2 Sinc Filter Order

The determining factors in finding the order K of the sincK

filter for an Lth-order ΔΣ modulator are:

i. The filter should cut-off at a faster rate near fB than the
NTF of the ΔΣ modulator rises there;

ii. Its gain response should be flatter near fs/OSR and its
harmonics than the NTF is near DC.

Condition (i) insures that very little out-of-band noise is
left unsuppressed around f0fB after decimation, while condi-
tion (ii) guarantees that the folding of the noise from frequen-
cy bands around fs/OSR, 2fs/OSR, etc., after decimation adds
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Figure 5 LMS Polyphase decomposition using the Noble Identities.
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little to the in-band noise. Both conditions require K>L;
usually, K0L+1 is adequate. This condition is revisited in
the next section for half-rate and multi-rate LMS schemes. In
this case, L04, and thus a sinc5 filter is adequate for both the
signal and calibration modes.

4.3 Noble Identities and Polyphase Decomposition

In the most straightforward implementation of the decima-
tion filter shown on the left in Fig. 6, the filter computes an
output sample at each value of n, but then only one of every
M output points is retained. To obtain a more efficient
implementation, polyphase decomposition of the filter
(Fig. 5) is done [13, 14]. If the original implementation
requires a filter with N multiplications and (N-1) additions
per unit time, the polyphase implementation requires only
1 M= N M=ð Þmultiplications per unit time and 1 M=
N M � 1=ð Þ additions per unit time and the entire system
then requires (N/M) multiplications and N M= � 1ð Þ þ
M � 1ð Þadditions per unit time. Hence, a significant com-
putation and therefore energy savings can be achieved for
some values of M and N. This technique is extended to the
reduced-rate least-mean square calibration schemes pre-
sented next for noise-cancellation filters combined with
decimation filters.

5 Proposed Half- and Quarter-Rate LMS Schemes

The Noble identities and polyphase decimation methods
enable the realization of the NCF and the LMS blocks
at decimated frequencies. Mathe [15] previously disclosed
decimation of the NCF (but not LMS) filters for a cascade
band-pass ΣΔ ADC. Herein, his work is extended to a low-
pass ΣΔ ADC; LMS adaptation with a reduced sampling
rate is introduced that provides the same calibration accura-
cy using less power. To our knowledge, this is the first
demonstration of decimation before both the LMS calibra-
tion and DSP filtering blocks. Steps to realize the half- and
quarter-rate LMS schemes are:

a) An ideal coefficient set for the NCF is selected and
convolved with a sinc function (from the first-stage of
the decimation filter) to obtain an initial set. The order
of the sinc filter, K, is set to K0L+1.

b) Use polyphase decomposition to obtain the coefficients
after the down-sampler for the set E(z)0[E1(z), E2(z)…
EM(z)] as shown in Fig. 6 for M02. For the quarter-rate
LMS, a similar procedure is adopted with M04.

b
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c) The ADC input X(z)00, and the 32-bit LFSR input is
activated and the ADC outputs Y1(z) and Y2(z) are used
to calibrate the filters ESTF(z) and ENTF(z) as in Fig. 4 (c)
(d). Care should be taken to match the delays before the
error is computed by the LMS block. Also, to minimize
aliasing during calibration, the order of the cascaded
integrator-comb (CIC) filter is set to K0L+2. This
LMS block is OFF during normal operation and does
not consume power.

d) Steps (a)-(c) are iterated varying the step size and coef-
ficient widths for the required dynamic range. To facil-
itate tuning the coefficients (word length, step-size, etc.)
for the filters, the Simulink® HDL coder is used with an
Altera Stratix II FPGA. A flowchart representation of
the process is shown in Fig. 6(a). Register retiming is
required to reduce the hardware critical path constraints
shown in Figs. 6(b).

6 Measurement Results

The ADC is implemented in 0.13 μm CMOS with a core
area of 2.3 mm×0.75 mm for the analog front-end (Fig. 7).
The digital back-end is synthesized in 65 nm CMOS process
with a core area of 0.12 mm2 (0.21 mm2) for conventional
LMS (polyphase 4X) scheme.

Figure 8(a) shows the measured ADC SNDR with no
calibration. After calibration, the ADC achieves a measured
peak SNR067 dB, SNDR066 dB, and SFDR075 dB for
fin01 MHz. All the three schemes, namely, conventional
LMS, polyphase 2X/4X, achieve 11-bit accuracy as shown
in Fig. 8(b), (c) and (d) respectively.

Table 1 shows the area and power summary of the three
implementations from the synthesized reports. Note that the
implementations of Fig. 4(c) and (d) reduce the power
consumption by 30 % and 55 % compared to the conven-
tional solution of Fig. 4(b) at the cost of 40 % and 75 %
more hardware, respectively and calibration time. Table 2
compares calibration accuracy and time for conventional
LMS and polyphase 4× schemes. Note that the calibration
time for polyphase 4× scheme is higher compared with the

conventional LMS schemes. The offline LMS calibration
can be done easily during this interval. Table 3 provides a
comparison to other works that employ LMS calibration.
The proposed scheme in this work has one of the lowest
analog front-end power consumptions. Significant digitalFigure 7 Chip micrograph.

Figure 8 (a) Output spectrum (no calibration); (b) Output spectrum
with conventional LMS scheme; Word length020 bits and step size0
2e-13 (c) Output spectrum for half-rate LMS; Word length020 bits and
step size02e-15; (d) Output spectrum for quarter-rate LMS; Word
length024 bits and step size02e-17.

J Sign Process Syst (2012) 69:329–338 335

Author's personal copy



power savings are realized both in the calibration and normal
operation modes and are only bound to improve with scaling
to lower CMOS technology nodes.

7 Conclusions

Sub-nm low-voltage CMOS amplifier designs require
simple and low-power digital intensive scaling-friendly
approaches to take advantage of faster process nodes. This

Table 1 Measured results summary of the (a) Analog front-end and
(b) Digital back-end.

(a)

Sampling Frequency (MHz) 150

Signal Bandwidth (MHz) 9.4

Oversampling Ratio 8

Peak SNR/SNDR/SFDR (dB) 67/66/75

Input Range (Differential) (Vp-p) 2.4

þ Vref=Vcm=� Vref Vð Þ 1.2/0.6/0.0

Analog Power Consumption (mW) 31.5

Power Supply Voltage (V) 1.25

Analog Front-End Chip Area (mm2) 1.73

CMOS Process 0.13 μm

(b)

Type of DSP Back-end Overall
8× Decimation

aArea
(# Gates)

bPower
Disspation (mW)

Conv. filter (@ 150 MHz)+
8× Decimation

40127 60

Polyphase Filter by 2X
(@75 MHz)+4× Decimation

55728 38

Polyphase Filter by 4X
(@ 37.5 MHz)+2× Decimation

70532 22

a Area in term of NAND gate equivalents
b Synthesized power estimate from Encounter® in Calibration Mode

Table 2 Calibration accuracy against time.

Type of DSP Back-end
Overall 8X Decimation

No. of Steps/
Cal Time
(mSec)

Step size
(μ) (2-μ)

SNDR
(dB)

SFDR
(dB)

Conv. filter+8×
Decimation

2^19/3.5 13 66 75

2^19/3.5 10 66 71

2^17/0.9 13 38 31

Polyphase Filter by 4×+
2× Decimation

2^19/14 12 63 65

2^19/14 14 66 72

2^19/3.5 17 66 75

2^15/0.43 14 58 64

2^14/0.43 14 53 52
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work presents a low-gain 22-dB only differential-pair based
amplifier that substantially eases design effort with lower
power consumption. Quarter-rate and half-rate polyphase
LMS and DSP schemes digitally calibrate the mismatches in
the integrator gain/pole errors at 2.5× reduced power com-
pared to conventional LMS schemes. This approach enables
high performance using DSP and adaptive calibration techni-
ques to estimate and correct errors associated with the use of
low-performance analog circuits. The proposed LMS schemes
are also applicable to serial-link I/O and sub-band echo can-
cellation architectures.
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