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Arithmetic Circuits

 What we will learn
— Adders
* Basic

* High-speed
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Adder

 Two-operand adders
— Ripple carry adder
— Carry select adder
— Conditional sum adder
— Carry skip adder
— Prefix adders
— Carry lookahead adder
— Ling adder
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Ripple Carry Adder

 Delay computation
— FA delay: Agy
— n-bit RCA delay: n - Agy

COp_q Cln—z

FA FA FA FA FA




Adder

* Bottleneck
— Carry propagation

 How to improve
— Parallelization



Carry Select Adder
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Carry Select Adder

 Example
i 7 6 5 4 | 3 2 1 0
Aq 1 0 1 1] 0 1 1 0 Cl, =0
B; 0 0 1 0 1 1 0
0
4-bit adder <« (
1
11101
0 )
t‘) 4-bit adder «— 1
11110
\4 A\ 4
1 . 1 _
4-bit MUX < 4-bit adder <« (
1110 0011
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Carry Select Adder

Optimization example
— 64-bit carry select adder

Assumptions
— The k-bit adder is a ripple-carry adder.
— Delay of a k-bit adder: k - Ag,4
— Delay of a carry-out logic or a MUX: &
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Carry Select Adder

k-bit adder

k-bit addéer

e Optimization
k-bit adder k-bit adder
k-bit adder v k-bit adder 1
CO logic ! ! CO logic ! il CO logic
k-bit MUX | k-bit MUX  fe——!
l CO3k—1 l COZk—l
CO4k-1 Sak-1 - S3k €Oz S3k-1 - S2k

Delay: k-Apy +3-¢

A

Co,

k-bit adder

;

Se—1 - So
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Carry Select Adder

Optimization (N-bit adder)
— k-bit adder
— # groups: N/k
— # Carry-out logic stages: N/k — 1

— Delay: t=k-Apy + e(%— 1)

dt N-&€
& Apa—E=0
dk FA 2

N-€
k= s
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Carry Select Adder

 Delay: k = /E
AFra

 Example
— 64-bit adder, Ar,= 200ps, € = 40ps

e k= [ _357 5 k=4
200

+ Delay: 7 = 4-200ps + 40ps - (= - 1) — 1400ps
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Conditional Sum Adder

Generate two sets of outputs for a given group of operand bits.

— Set 1: assumes the incoming carry is zero.
— Set 2: assumes the incoming carry is one.

Once the incoming carry is known, select the correct set of
outputs.
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Conditional Sum Adder

» (Generate two sets of outputs for a given group of operand bits.

CO; (= Cliyq) — (1
FA

Si

S;=S5"=A@®B@0 — Delay = Ap,

Assuming incoming carry (CI;) =0
C0; =C0°’=A-B+0-(A+B) — Delay = Ap,

S;=8S'=A®B®1— Delay = Apy

Assuming incoming carry (C[;) = 1
CO; =CO0* =A-B+1-(A+B) — Delay = A,
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Conditional Sum Adder

« Generate two sets of outputs

i | 7 6 5 4 3 2 1 0
A | 1 0 1 1 0 1 1 0
Bi:| 0 0 1 0 1 1 0 1
% | 1 0 0 1 1 0 1 1
co’: | o 0 1 0 0 1 0 0
Step 1 T
st o 1 1 0 0 1 0
co™: | 1 0 1 1 1 1 1

Cly =0
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Conditional Sum Adder
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Conditional Sum Adder

* Merge four bits

ii | 7 6 5 4 3 2 1 0
A: ] 1 0 1 1 0 1 1 0
B:| 0 0 1 0 1 1 0 1
s% | 1 | o | o | 1 1] 0| 1 1 Clo =0
co’: | o 0 1 0 0 1 0 0
Step 1 T
st o 1 1 0 0 1 0
co™: | 1 0 1 1 1 1 1
s% | 1 0 0 1] | [0 0 1 1
co’: | o 1 10
Step 2 - D
st [T T 1 ol | o 1
coti|lo @ ||k
so: | 1 [0 1| [0 o [1 1
co,’: | |lo 1
Step 3 —
st [1 1 1 0
cot: | |o




Conditional Sum Adder

Final

Cly =0
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Conditional Sum Adder

e Exercise

S
—
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Conditional Sum Adder

* Analysis

O R|=k O|I0

Step 1

T:AFA

ol Rr|lo ol o ol
Rl= oloRr|oRrR|a
ol Rk o, RN
Rk ol Rr|lo R~

Step 2

1 T = AFA + AMUX

olRr Rk Ok R|FR Ol FR Rl
R o |k Ol Oo|lkr |l R~ Oo|lw

Step 3

2
(=]
O R|OR|O R|IOR|IFLR O|lC R[OOI

T = AFA + ZAMUX

22



Conditional Sum Adder

Analysis
— N-bit conditional sum adder
— Delay of a 1-bit adder: Ag4

— Delay of a MUX:Ayx
i Delay T = AFA + (10g2 N — 1) ' AMUX
- AFA= ZOOpS,N = 64‘, AMUX= 80pS —> T = 600pS
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Carry Skip Adder

Split the input into a few groups.

315:12 A15:12 B11:8 A11:8 B7:4 A7:4-

<« 4-bit block <—  4-bit block <— 4-bit block

e Carry generation (C,, Cg, Cy5, Cyg, ---)
— Generated internally

e Carry propagation
— Propagated only when p is 1.
- pi=4; P B;

= Pi+3:i = Pi+3 " Pi+2 " Pi+1 " Di

B3:0 A3:0

4-bit block
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Carry Skip Adder

e Split the input into a few groups.
i Propagate carries.
B15:12 A15|:12 Bll:8 A11:8 31:4 AT:‘I- B3|’:O A3|:O
. C12 _ . Cq . Co
4-bit block % 4-bit block 4-bit block [+ 4-bit block [«
C16| 0 i 0 i i 0 i
e 1 ; e
T preas T pie i e
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Carry Skip Adder

« EXercise
— A=1101101101111010
— B=0101010111010101

B15:12 A15:12 B11:8 A11:8 31:4 A'i:él- B'ol’:O A3|:0
. C12 . Cg . Cq . Co
4-bit block % 4-bit block % 4-bit block [+ 4-bit block [«
C16] 0 0 0 0
1 | 1 |e 1 |e 1 |
e e e e e = J e e e e e J :. __________ J L e e e e e e - - J
P1s5:12 P11:8 P7.4 P3.0
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Carry Skip Adder

* Analysis
— N-bit carry skip adder

e Assumptions
— The k-bit adder is a ripple-carry adder.
— Delay of a k-bit adder: k - Ag,4
— Delay of a MUX: ¢

. DeIay:r=k-AFA+%-e
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Prefix Adder

Carry generate
- G;=A4;"B;
- G; = 1 only when (4;,B;) = (1,1)

Carry propagate
- P; = A; @ B; (conceptually A; @ B;, practically A; + B;)
- P, =1 only when (4;,B;) = (1,0) or (0,1)

Carry out
- Ci+1:Ai'Bi-I_Ai'Ci-I_Bi'Ci:Ai'Bi-I_Ci'(Ai-I_Bi):Ai'
Bi+Ci-(A;®B;) =G; +C; - P;

Sum
- 5=4,0B, O =P D
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Prefix Adder

Two blocks, B, and B, overlap.
(generate, propagate) of B;: (g4, p1)
(generate, propagate) of B,: (d,, p,)

Merge B, and B, into B

— (generate, propagate) of B: (g, p)
- 9=91+tP1°92

- P=D1"DP2
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Prefix Adder

 Example

B, Ay By Ay
| | | |
VY vV
<—C0
v v

P.o) = PPy G109 = Gy + P1Gy

Pi and Gi
generation
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Prefix Adder

» Basic principle
— Carry determination

Given
(9o, Po) (91,P1) (Gi-2,Pi-2) (9i-1,Pi-1)

Find
(9[0:0]»29[0:0]) (9[1:0]rp[1:0]) (g[i—Z:O]rp[i—Z:O]) (g[i—lzo]rp[i—lzo])

— Sum

Given

Xo X0+x1 x0+x1+"'+xi_2 xO+X1+"'+xl'_1
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Prefix Adder

» Basic principle

93,P3 92,P2 91,01 Yo,Po

Cg/ A Cg/ A

v v v v v v v v

9[2:0]:P[2:0] 9[0:0]:P[0:0]
9[3:0]:P[3:0] 9[1:0]:P[1:0]
Sum network Carry network
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Prefix Adder

e 5,=4;DB;D( G;=A;* B
« Propagate carries ?’ = ;‘ig gi
i — L i
Ciy1 =G +Ci P
9i:Pi 9k:Pk

() -

(9,p) = (9i + Pi " Gk Di * Dk)
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X15

Prefix Adder

Example (ripple carry adder)

X14 X13 X12 X11 X10 X9 Xg X7 X6




Prefix Adder

» Kogge-Stone (min. logic depth, min. fanout, large area, routing)

X15 X14 X13 X12 X11 X10 X9 Xg X7 X6 X5 Xg X3 X2 X1 X0

C
ol o§o§o’o§o§o§o§o§oﬁo‘o’
== ||
/42222222?/
e e s e o
calioaic e aicaicacato

S1s5 S14 S13 S12 S11 S10 Sg Sg S7 Se S5 Sy S3 S» S1 So
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Prefix Adder

* Brent-Kung (max. logic depth, min. area)

X1

A\

A

—

1A

X14 X13

X12 X11

X10 X9

[
—

rd

s

je/”

]

N

NI

Xg X7 Xg X5 Xg4 X3 Xp X

A A

v /V
S7 Se S5
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Prefix Adder

e Ladner-Fischer (min. logic depth, large fanout)
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C
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Prefix Adder

e Han-Carlson (Brent-Kung + Kogge-Stone)

X15 X14 X13 X12 X11 X10 X9 Xg X7 X6 X5 Xg X3 X2 X1 X0

-
Bt
L

5
A
5

o«
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A
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/(

e
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P
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| j/" <(/"

S12 S11 S10 Sg Sg S7 Se S5 Sy

/‘
/////‘

/|

S3 S» S1 So
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Prefix Adder

Analysis
— Generation of P; and G;: A,

Merging: A, é«

— Sum: Ag

Delay: A, + k - A, + Ag

Example (16-bit adder)

Ripple carry: A, + 15- A, + Aq

Kogge-Stone: A, +log, 16 - A, + A;= A, +4- A, + A
Brent-Kung: A, + 6+ A, + A

Ladner-Fischer: A, +log, 16 - A,, + A;= A, +4- A, + Ag
Han-Carlson: A, + 5- A, + Ag
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Carry Lookahead Adder

Carry generate
- G;=A4;"B;
- G; = 1 only when (4;,B;) = (1,1)

Carry propagate
- Pp=4;®B;
- P, =1 only when (4;,B;) = (1,0) or (0,1)

Sum
- 5 =4, OB D =P D

Carry out
- Ci+1=Ai'Bi+Ai'Ci+Bi'Ci=Ai'Bi+Ci'(Ai+Bi)=Ai'
Bi+Ci-(A;®B)=G+C P
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Carry Lookahead Adder

Carry-out logic G, =A;-B;
- ClzGO+POCO gi:AieeBaBi
— — i:Pi Ci
- Cg =Gz+P262 =Gz+PzGl+P2P1G0+P2P1P060
- C4_ =Gg+P363 =Gg+P362+P3P261+P3P2P160+P3P2P1P060
Carry lookahead unit
P; G P, G, P; G4 Py Gy
Carry Lookahead Unit Co l—

53—0

'

41




Delay computation

Carry Lookahead Adder

Gi == Ai - BL
G;, P;: 1 gate delay P, =A4; D

S5i=P @D
So: 2 gate delays Civv = G,

C; = Gy + PyCy: 3 gate delays

C, = Gy + P,Gy + P;P,C,: 3 gate delays

C; =G, + P,G; + P,P,Gy + P,P;P,C,: 3 gate delays
C, = G3 + P3G, + P;P,G, + P;P,P,G, + P;P,P,P,C,: 3 gate delays
S1, 5., S3: 4 gate delays
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Carry Lookahead Adder

* A 4-bit carry lookahead adder

B, As B, A, B, A B, A,
Generate | | |
— Py G P, G Py Gy Py Gy
P; and G;. :
| L — |
\ A 4 \ A 4 \ A 4
P; G3 P; G, P, Gy Py Go
~—{C, Carry Lookahead Unit Co
53—0

'
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Carry Lookahead Adder

A 16-bit carry lookahead adder

Br Ay Bz Ay BpAp BeAc By Ag By Ay By Ag Bg Ag By A; Bg Ag Bs As By Ay B3 A3 By A, By A, By A,

T s A I A I I R R B R O
iliiil¢¢+llll¢¢lliiiliilllliiiliico

! 1 1 1

Cl6 515—12 Sll—8 S7—4- 53—0

P; and G; 4-bit carry
generation lookahead unit
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Carry Lookahead Adder

* Multi-level carry lookahead adder

Br Ay Bz Ay BpAp BeAc By Ag By Ay By Ag Bg Ag By A; Bg Ag Bs As By Ay B3 A3 By A, By A, By A,

L v v v v v v v v v v v vy vvyy vy vy vy vy vy vy vy
|

Ci6 S15-12 Pi5_12Gi5_12 S11-8  Pii-g Gii-g S7-a Py Groy S3-0 P;_o G3-g

- P; and G; - 4-bit carry lookahead unit with - Multi-level carry lookahead unit

generation P;" and G;'.
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Carry Lookahead Adder

* Multi-level carry lookahead adder

Br Ay Bz Ay BpAp BeAc By Ag By Ay By Ag Bg Ag By A; Bg Ag Bs As By Ay B3 A3 By A, By A, By A,

ll.lll.l..llllll

Cl6

 Gji43,1- Block generate
e P34 Block propagate

P; and G; 4-bit carry lookahead unit with : :
- generation - P and G, - Multi-level carry lookahead unit
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Carry Lookahead Adder

« Carry recurrence formula
- Gy =G +P-G
= Ciyqa = Giy3 + Piy3-Ciys
= Giy3 + Piy3 (Giyz + Piyz " Cigz) = Giys + Pins - Giyy + Piig - Piyy Gy

= Gi43 + Pit3 - Giya + Piyz " Py Gipg +
Piy3-Piyp~ Pip1 Gi + Piyz - Piyp - Pig - Pi-
* Block generate
Grizsi] = Givz + Piyz * Givz + Piyz  Piyz " Giya + Piz - Py " Piyq - Gy
» Block propagate
= Ppiv3i) = Piyz Py " Piy1 - Py
« Carry out

- Ciya = G[i+3,i] + G- P[i+3,i]
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Carry Lookahead Adder

» Delay computation

G;, P;: 1 gate delay
Block propagate
o Prysi) = Piysz* Piyo Piyq - Pl 2 gate delays
Block generate
* Glizs3i] = Giyz + Piyz Gipo + Piyz * Piyo  Gigpq + Piys  Piyz - Piyq » G2 3 gate delays
Carry out
e Cy =Gz + Co Pz 4 gate delays
o (g =G4+ Cy Plya)=Grra1+ P7ar Giao) + Pl7,41 P30 Cot S gate delays
e (j,: 5 gate delays
e (i4: 5 gate delays
Sum
* Sp74): 7 Qate delays
* Snag): 8 gate delays
* Sps12): 8 gate delays
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Carry Lookahead Adder

B15:12 A15:12 Bll:8 A11:8 31:4 AT:‘I- B3|’:O A3|:O
4-pit adder | L1z 4-bit adder | Cs 4-bit adder | La 4-bit adder | Lo
P G P G P G PG
515:12 A 4 A\ 4 511:8 Y Y 57:4 A\ 4 v SS:O \ 4 \ 4
P3Gz C3 P, G, Gy PG, G Py Go
C, Lookahead Carry Unit Co o
63—0
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Ling Adder

« A type of carry lookahead adder
* Achieves significant hardware savings.

* Modifications
- P=A;®B;, — t;=A;+B;
- h;=C; +C;_4
- (=061 + (i1 Py -0

repeated

- Ci—1 Py =Cj—q " Pioq +|Gi—1 " P4

_|_

Pi_q-Ci—1"Pi1q

= Ci—q " Pi_1 +|(Gi—1 + Pi—1 - Ci—9)|" P4

= (Ci—1 + C;) " Pi4 =G

=h; P4
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Ling Adder

Modifications

ti - Ai + Bi
hi = C; + Ci—4
Gi—1 > h; "G4

Ci=0Gi—1+Ci—y Py =0Gi—1+h" Py =h; Gy +h P4

=h; - (Gi—1 + Pi_1) = h; " ti4

hi=Ci+Ci1=(G_1+Ci_1-P_1)+Ci_1 =61+ (4

=Gi—1 t hi_1 "t
hy=Gi—1+hi—1-ti

=Gy +ti 2 (G2 +hip ti3)

=Gi1+ G2+ h 5t t3

ti—p " Gi_y = Gj_

=G 1+ G2+ G 3t 2+G 4t tizg+hisatio-ti3 tig
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Ling Adder

Modifications
= Cipa = Gz + Gy tiyz + Gipg " tigg i TGtz igp i1 T 6tz "ty " tipr t 4
- Si=t@h 1 + Gty

Advantages
— Lower fan-in
— Suitable for some specific technologies.
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