
Homework Assignment 9 
(Due 4:10pm, Feb. 14, email to daehyun@eecs.wsu.edu) 

 
(1) [TR Sizing, 20 points] The following shows a schematic of the NFET network of 

a static CMOS gate. Size the transistors so that the fall delay is less than or equal 

to 𝑅𝑅𝑛𝑛𝐶𝐶𝐿𝐿 where 𝑅𝑅𝑛𝑛 is the resistance of a 1X NFET. Try to minimize the total 

width. Find the total width. 
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(2) [PDE, 10 points] 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 are variables and 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 are constants. Find the partial 

derivatives of 𝐹𝐹(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑎𝑎𝑥𝑥4 + 𝑏𝑏𝑥𝑥2𝑦𝑦3𝑧𝑧 + 𝑐𝑐𝑥𝑥3𝑦𝑦2𝑧𝑧2 + 𝑥𝑥2𝑦𝑦4 with respect to 

𝑥𝑥,𝑦𝑦, and 𝑧𝑧. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 4𝑎𝑎𝑥𝑥3 + 2𝑏𝑏𝑏𝑏𝑦𝑦3𝑧𝑧 + 3𝑐𝑐𝑥𝑥2𝑦𝑦2𝑧𝑧2 + 2𝑥𝑥𝑦𝑦4 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 3𝑏𝑏𝑥𝑥2𝑦𝑦2𝑧𝑧 + 2𝑐𝑐𝑥𝑥3𝑦𝑦𝑧𝑧2 + 4𝑥𝑥2𝑦𝑦3 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑏𝑏𝑥𝑥2𝑦𝑦3 + 2𝑐𝑐𝑥𝑥3𝑦𝑦2𝑧𝑧 

 

(3) [PDE, 10 points] 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 are variables. Find the partial derivatives of 𝐺𝐺(𝑥𝑥,𝑦𝑦, 𝑧𝑧) =

sin (𝑦𝑦2 + 𝑧𝑧2) ∙ cos (𝑥𝑥𝑥𝑥𝑥𝑥) with respect to 𝑥𝑥,𝑦𝑦, and 𝑧𝑧. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − sin(𝑦𝑦2 + 𝑧𝑧2) sin(𝑥𝑥𝑥𝑥𝑥𝑥) 𝑦𝑦𝑦𝑦 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 2𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦(𝑦𝑦2 + 𝑧𝑧2) cos(𝑥𝑥𝑥𝑥𝑥𝑥) − sin(𝑦𝑦2 + 𝑧𝑧2) sin(𝑥𝑥𝑥𝑥𝑥𝑥) 𝑥𝑥𝑥𝑥 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 2𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧(𝑦𝑦2 + 𝑧𝑧2) cos(𝑥𝑥𝑥𝑥𝑥𝑥) − sin(𝑦𝑦2 + 𝑧𝑧2) sin(𝑥𝑥𝑥𝑥𝑥𝑥) 𝑥𝑥𝑥𝑥 

 

(4) [Design, 20 points] The following (in the next page) shows an NFET network of 

𝑌𝑌 = 𝑦𝑦 ∙ (𝑥𝑥1,1 ∙ 𝑥𝑥1,2 ∙ … ∙ 𝑥𝑥1,𝑝𝑝1 + 𝑥𝑥2,1 ∙ 𝑥𝑥2,2 ∙ … ∙ 𝑥𝑥2,𝑝𝑝2 + ⋯+ 𝑥𝑥𝑘𝑘,1 ∙ 𝑥𝑥𝑘𝑘,2 ∙ … ∙ 𝑥𝑥𝑘𝑘,𝑝𝑝𝑘𝑘)������������������������������������������������������������������������������������������ =

𝑦𝑦 ∙ ∑ ∏ 𝑥𝑥𝚤𝚤,𝚥𝚥
𝑝𝑝𝑘𝑘
𝚥𝚥=1

𝑘𝑘
𝚤𝚤=1

��������������������� (Notice that 𝑘𝑘, 𝑝𝑝1, … , 𝑝𝑝𝑘𝑘 are constants). Size the transistors so 

that the fall delay is less than or equal to 𝑅𝑅𝑛𝑛𝐶𝐶𝐿𝐿 where 𝑅𝑅𝑛𝑛 is the resistance of a 1X 

NFET. Minimize the total width. Find the total width. 



 
The width of 𝑥𝑥𝑖𝑖,𝑗𝑗: 𝑤𝑤𝑖𝑖 

The width of 𝑦𝑦:𝑌𝑌 

Timing constraint for each path: 1
𝑌𝑌

+ ∑ 1
𝑤𝑤𝑖𝑖,𝑗𝑗

𝑝𝑝𝑖𝑖
𝑗𝑗=1 = 1

𝑌𝑌
+ 𝑝𝑝𝑖𝑖

𝑤𝑤𝑖𝑖
= 1 (for 𝑖𝑖 = 1, … , 𝑘𝑘) 

From the constraint: 𝑤𝑤𝑖𝑖 = 𝑝𝑝𝑖𝑖∙𝑌𝑌
𝑌𝑌−1

 

Total width 𝑊𝑊 = 𝑌𝑌 + ∑𝑝𝑝𝑖𝑖𝑤𝑤𝑖𝑖 = 𝑌𝑌 + 𝑌𝑌
𝑌𝑌−1

∙ ∑ 𝑝𝑝𝑖𝑖2 = 𝑌𝑌 + 𝑠𝑠𝑠𝑠
𝑌𝑌−1

 where 𝑠𝑠 = ∑𝑝𝑝𝑖𝑖2 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1 + 𝑠𝑠 (𝑌𝑌−1)−𝑌𝑌
(𝑌𝑌−1)2

= 1 − 𝑠𝑠
(𝑌𝑌−1)2

= 0, so 𝑌𝑌 = 1 + √𝑠𝑠 

∴ 𝑌𝑌 = 1 + �𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2 

𝑤𝑤𝑖𝑖 = 𝑝𝑝𝑖𝑖 ∙ �1 +
1

�𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2
� 

𝑊𝑊 = �1 + �𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2�
2
 

 

(5) [Design, 20 points] The following (in the next page) shows an NFET network of 

𝑌𝑌 in Problem 4. Size the transistors so that the fall delay is less than or equal to 

𝑅𝑅𝑛𝑛𝐶𝐶𝐿𝐿 where 𝑅𝑅𝑛𝑛 is the resistance of a 1X NFET. Minimize the total width. Find the 

total width. 



 
The width of the transistors in the 𝑖𝑖-th column: 𝑤𝑤𝑖𝑖 

Timing constraint for the 𝑖𝑖-th column: 𝑝𝑝𝑖𝑖+1
𝑤𝑤𝑖𝑖

= 1 

Thus, 𝑤𝑤𝑖𝑖 = 𝑝𝑝𝑖𝑖 + 1 

Total width: ∑(𝑝𝑝𝑖𝑖 + 1) ∙ 𝑤𝑤𝑖𝑖 = ∑(𝑝𝑝𝑖𝑖 + 1)2 

 

(6) [Math, 10 points] Compare the total widths you found in Problem 4 and Problem 

5. Which implementation is better (occupy smaller area)? 

The design in Problem 4 is better. 

𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝5 −𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝4 = �(𝑝𝑝𝑖𝑖 + 1)2 − �1 + �𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2�
2
 

= ��𝑝𝑝𝑖𝑖2 + 2�𝑝𝑝𝑖𝑖 + 𝑘𝑘� − ��𝑝𝑝𝑖𝑖2 + 2�𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2 + 1� 

= 2 ��𝑝𝑝𝑖𝑖 − �𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2� + (𝑘𝑘 − 1) 

The first term is positive because (∑𝑝𝑝𝑖𝑖)2 − ��𝑝𝑝12 + 𝑝𝑝22 + ⋯+ 𝑝𝑝𝑘𝑘2�
2

=

2∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗𝑖𝑖,𝑗𝑗,𝑖𝑖≠𝑗𝑗 > 0. The second term is also positive or zero because 𝑘𝑘 ≥ 1. 

Thus, 𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝5 −𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝4 > 0. 


