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Problem #1 (Interconnect Optimization, 80 points) 
The following figure shows a net optimized by a buffer. 

 
Constants 

• Output resistance of a cell: 𝑅𝑅 
• Input capacitance of a cell: 𝐶𝐶 
• Internal delay of a buffer: 𝐷𝐷 
• Unit wire resistance and capacitance: 𝑟𝑟 (Ω/um), 𝑐𝑐 (fF/um) 
• Length of each subnet: 𝐿𝐿1, 𝐿𝐿2, 𝐿𝐿3 (um) 

Independent variable 

• Location of the buffer: 𝑥𝑥 (0 < 𝑥𝑥 < 𝐿𝐿1) 

We want to optimize the delay from the driver to Sink 1 or Sink 2. “BP” is a branch point. 
Answer the following questions. 

(1) Replace each segment (seg 1, 2, 3, 4) by a PI model. Then, express the delay from 
the source to Sink 1 using the Elmore delay model. (10 points) 

𝜏𝜏 = 𝑟𝑟𝐿𝐿2 �
𝑐𝑐𝐿𝐿2

2
+ 𝐶𝐶� + 𝑟𝑟(𝐿𝐿1 − 𝑥𝑥)�

𝑐𝑐(𝐿𝐿1 − 𝑥𝑥)
2

+ 𝑐𝑐𝐿𝐿2 + 𝑐𝑐𝐿𝐿3 + 2𝐶𝐶�

+ 𝑅𝑅(𝑐𝑐(𝐿𝐿1 − 𝑥𝑥) + 𝑐𝑐𝐿𝐿2 + 𝑐𝑐𝐿𝐿3 + 2𝐶𝐶) + 𝐷𝐷 + 𝑟𝑟𝑟𝑟 �
𝑐𝑐𝑐𝑐
2

+ 𝐶𝐶� + 𝑅𝑅(𝑐𝑐𝑐𝑐 + 𝐶𝐶) 

(2) Find the optimal location (𝑥𝑥) of the buffer minimizing the delay from the source to 
Sink 1. (10 points) 

𝑑𝑑𝜏𝜏
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑟𝑟𝑟𝑟 − 𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑥𝑥 − 𝐿𝐿1) − 𝑟𝑟(𝑐𝑐𝐿𝐿2 + 𝑐𝑐𝐿𝐿3 + 2𝐶𝐶) = 0 

2𝑐𝑐𝑐𝑐 = 𝑐𝑐(𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3) + 𝐶𝐶 



∴ 𝑥𝑥 =
1
2

(𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3) +
𝐶𝐶
2𝑐𝑐

 

 

(3) Answer the following questions for the problems (1)-(2) (Correct: +4 points, Wrong: -
4 points, No answer: 0) for the minimization of the delay from the source to Sink 1. 

• If 𝐿𝐿1 increases, 𝑥𝑥 increases. (True / False) 
• If 𝐿𝐿2 increases, 𝑥𝑥 increases. (True / False) 
• If 𝐿𝐿3 increases, 𝑥𝑥 increases. (True / False) 
• If 𝐶𝐶 (the input capacitance of a cell) increases, 𝑥𝑥 increases. (True / False) 
• If 𝑐𝑐 (the unit wire capacitance) increases, 𝑥𝑥 increases. (True / False) 

 

Now, we are moving the buffer to the branch connected to Sink 1 as follows: 

 

(4) Replace each segment (seg 1, 2, 3, 4) by a PI model. Then, express the delay from 
the source to Sink 1 using the Elmore delay model. (10 points) 

𝜏𝜏 = 𝑟𝑟(𝐿𝐿2 − 𝑦𝑦)�
𝑐𝑐(𝐿𝐿2 − 𝑦𝑦)

2
+ 𝐶𝐶� + 𝑅𝑅(𝑐𝑐(𝐿𝐿2 − 𝑦𝑦) + 𝐶𝐶) + 𝐷𝐷 + 𝑟𝑟𝑦𝑦 �

𝑐𝑐𝑐𝑐
2

+ 𝐶𝐶�

+ 𝑟𝑟𝐿𝐿1 �
𝑐𝑐𝐿𝐿1

2
+ 𝑐𝑐𝑐𝑐 + 𝑐𝑐𝐿𝐿3 + 2𝐶𝐶� + 𝑅𝑅(𝑐𝑐𝐿𝐿1 + 𝑐𝑐𝑐𝑐 + 𝑐𝑐𝐿𝐿3 + 2𝐶𝐶) 

 

(5) Find the optimal location (𝑦𝑦) of the buffer minimizing the delay from the source to 
Sink 1. (10 points) 

𝑑𝑑𝜏𝜏
𝑑𝑑𝑦𝑦

= 𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟𝐿𝐿1 + 𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑟𝑟𝑟𝑟 − 𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟(𝑦𝑦 − 𝐿𝐿2) − 𝑟𝑟𝑟𝑟 = 0 



2𝑐𝑐𝑦𝑦 = 𝑐𝑐(𝐿𝐿2 − 𝐿𝐿1) 

∴ 𝑦𝑦 =
1
2

(𝐿𝐿2 − 𝐿𝐿1) 

 

(6) Answer the following questions for the problems (4)-(5) (Correct: +5 points, Wrong: -
5 points, No answer: 0) for the minimization of the delay from the source to Sink 1. 

• If 𝐿𝐿1 increases, 𝑦𝑦 increases. (True / False) 
• If 𝐿𝐿2 increases, 𝑦𝑦 increases. (True / False) 

 

(7) Replace each segment (seg 1, 2, 3, 4) by a PI model. Then, express the delay from 
the source to Sink 2 using the Elmore delay model. (10 points) 

𝜏𝜏 = 𝑟𝑟𝐿𝐿3 �
𝑐𝑐𝐿𝐿3

2
+ 𝐶𝐶� + 𝑟𝑟𝐿𝐿1 �

𝑐𝑐𝐿𝐿1
2

+ 𝑐𝑐𝐿𝐿3 + 𝑐𝑐𝑐𝑐 + 2𝐶𝐶� + 𝑅𝑅(𝑐𝑐𝐿𝐿1 + 𝑐𝑐𝐿𝐿3 + 𝑦𝑦 + 2𝐶𝐶) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Problem #2 (Interconnect Optimization, 80 points) 
The following figure shows a net optimized by buffer insertion. The driver and the sink 
are denoted by 𝐾𝐾𝐷𝐷 and 𝐾𝐾𝑆𝑆, respectively, and the inserted buffers are denoted by 𝐵𝐵𝑖𝑖 (1 ≤
𝑖𝑖 ≤ 𝑛𝑛 − 1). 𝑛𝑛 ≥ 2, i.e., there is at least one buffer between the driver and the sink. 

 

• Output resistance of a cell (𝐾𝐾𝐷𝐷 and 𝐵𝐵𝑖𝑖): 𝑅𝑅 
• Input capacitance of a cell (𝐾𝐾𝑆𝑆 and 𝐵𝐵𝑖𝑖): 𝐶𝐶 
• Delay of a buffer: 𝐷𝐷 
• Length of the 𝑖𝑖-th net (1 ≤ 𝑖𝑖 ≤ 𝑛𝑛): 𝑠𝑠𝑖𝑖 (um) 
• ∑ 𝑠𝑠𝑖𝑖𝑛𝑛

𝑖𝑖=1 = 𝐿𝐿 (um) 
• Unit wire resistance and capacitance: 𝑟𝑟 (Ω/um), 𝑐𝑐 (fF/um) 
• Use the PI model to model each segment. 
• Use the following model to model a cell (the driver, the sink, and the buffers). 

(Notice that there is an output capacitor with capacitance 𝐶𝐶𝑉𝑉.) 

 

(1) Find the optimal locations of the buffers (i.e., express 𝑠𝑠𝑖𝑖 as a function for the given 
parameters for each 𝑖𝑖 = 1,2, … ,𝑛𝑛) minimizing the delay from the driver to the sink. (20 
points) 

𝜏𝜏𝑖𝑖 = 𝑅𝑅(𝐶𝐶𝑉𝑉 + 𝑐𝑐𝑠𝑠𝑖𝑖 + 𝐶𝐶) + 𝑟𝑟𝑠𝑠𝑖𝑖𝐶𝐶 +
1
2
𝑟𝑟𝑟𝑟𝑠𝑠𝑖𝑖2 

𝜏𝜏 = �𝜏𝜏𝑖𝑖 = 𝑛𝑛𝑅𝑅(𝐶𝐶𝑉𝑉 + 𝐶𝐶) + 𝑅𝑅𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟𝑟𝑟 +
1
2
𝑟𝑟𝑟𝑟 ��𝑠𝑠𝑖𝑖2� + (𝑛𝑛 − 1)𝐷𝐷 

𝜕𝜕𝜏𝜏
𝜕𝜕𝑠𝑠𝑖𝑖

= 𝑟𝑟𝑟𝑟𝑠𝑠𝑖𝑖 + 𝑟𝑟𝑟𝑟�𝐿𝐿 − (𝑠𝑠1 + ⋯+ 𝑠𝑠𝑛𝑛−1)�(−1) = 0,∴ 𝑠𝑠𝑖𝑖 = 𝐿𝐿 − (𝑠𝑠1 + ⋯+ 𝑠𝑠𝑛𝑛−1) 

∴ 𝑠𝑠1 = ⋯ = 𝑠𝑠𝑛𝑛−1, 𝒔𝒔𝒊𝒊 =
𝑳𝑳
𝒏𝒏

 

 



(2) Then, find the optimal # buffers (𝑛𝑛) minimizing the delay (express 𝑛𝑛 as a function of 
the given parameters). (20 points) 

𝜏𝜏 = �𝜏𝜏𝑖𝑖 = 𝑛𝑛𝑅𝑅(𝐶𝐶𝑉𝑉 + 𝐶𝐶) + 𝑅𝑅𝑅𝑅𝑅𝑅 + 𝑟𝑟𝑟𝑟𝑟𝑟 +
1
2
𝑟𝑟𝑟𝑟
𝐿𝐿2

𝑛𝑛
+ (𝑛𝑛 − 1)𝐷𝐷 

𝜕𝜕𝜏𝜏
𝜕𝜕𝑛𝑛

= 𝑅𝑅(𝐶𝐶𝑉𝑉 + 𝐶𝐶) −
1
2
𝑟𝑟𝑟𝑟
𝐿𝐿2

𝑛𝑛2
+ 𝐷𝐷 = 0 

𝑛𝑛 = �
𝑟𝑟𝑟𝑟𝐿𝐿2

2{𝑅𝑅(𝐶𝐶𝑉𝑉 + 𝐶𝐶) + 𝐷𝐷} 

 

(3) Answer the following questions for the problem (1) (Correct: +4 points, Wrong: -4 
points, No answer: 0) for the minimization of the delay from the driver to the sink. 

• If 𝐿𝐿 increases, 𝑛𝑛 increases. (True / False) 
• If 𝑟𝑟 increases, 𝑛𝑛 increases. (True / False) 
• If 𝑐𝑐 increases, 𝑛𝑛 increases. (True / False) 
• If 𝑅𝑅 increases, 𝑛𝑛 increases. (True / False) 
• If 𝐶𝐶 increases, 𝑛𝑛 increases. (True / False) 
• If 𝐶𝐶𝑉𝑉 increases, 𝑛𝑛 increases. (True / False) 
• If 𝐷𝐷 increases, 𝑛𝑛 increases. (True / False) 
• If the output capacitance (𝐶𝐶𝑉𝑉) of 𝐵𝐵𝑛𝑛−1 increases, 𝑠𝑠𝑛𝑛 increases. (True / False) 
• If the output capacitance (𝐶𝐶𝑉𝑉) of 𝐵𝐵𝑛𝑛−1 increases, 𝑠𝑠𝑛𝑛−1 increases. (True / False) 
• If the output capacitance (𝐶𝐶𝑉𝑉) of 𝐵𝐵𝑛𝑛−1 increases, 𝑠𝑠1 increases. (True / False) 

 

 

 

 

 

 

 

 

 



Problem #3 (Interconnect Optimization, 50 points) 
The following shows three nets connecting four gates (𝐺𝐺1,𝐺𝐺2,𝐺𝐺3,𝐺𝐺4). To reduce the 
delay, you insert buffers between 𝐺𝐺1 and 𝐺𝐺2, between 𝐺𝐺2 and 𝐺𝐺3, and between 𝐺𝐺3 and 
𝐺𝐺4. The total number of buffers you insert is 𝑘𝑘 (constant). Thus, the total # of buffers you 
insert between 𝐺𝐺1 and 𝐺𝐺2 is 𝑎𝑎, the total # buffers you insert between 𝐺𝐺2 and 𝐺𝐺3 is 𝑏𝑏, and 
total # buffers you insert between 𝐺𝐺3 and 𝐺𝐺4 is 𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏. 

 

• All the gates and buffers are of the same type (they have the same output 
resistance, input capacitance, and internal delay). You can ignore the output 
capacitance of each gate. 

(1) Find 𝑎𝑎 and 𝑏𝑏 minimizing the delay from the driver to the sink. (30 points) 

First of all, if we insert 𝑡𝑡 number of buffers into a net, we should evenly distribute them 
to minimize the delay (notice that all the gates are of the same type). Thus, if we insert 𝑎𝑎 
buffers into the first net, its delay is 

𝜏𝜏1 = (𝑎𝑎 + 1) �𝑅𝑅 �𝑐𝑐
𝐿𝐿1

𝑎𝑎 + 1
+ 𝐶𝐶� + 𝑟𝑟

𝐿𝐿1
𝑎𝑎 + 1

𝐶𝐶 +
1
2
𝑟𝑟𝑟𝑟 �

𝐿𝐿1
𝑎𝑎 + 1�

2

� + 𝑎𝑎𝑎𝑎 

Similarly, if we insert 𝑏𝑏 buffers into the second net, its delay is 

𝜏𝜏2 = (𝑏𝑏 + 1) �𝑅𝑅 �𝑐𝑐
𝐿𝐿2

𝑏𝑏 + 1
+ 𝐶𝐶� + 𝑟𝑟

𝐿𝐿2
𝑏𝑏 + 1

𝐶𝐶 +
1
2
𝑟𝑟𝑟𝑟 �

𝐿𝐿2
𝑏𝑏 + 1�

2

� + 𝑏𝑏𝐷𝐷 

The delay of the third net is 

𝜏𝜏3 = (𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1) �𝑅𝑅 �𝑐𝑐
𝐿𝐿3

𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1
+ 𝐶𝐶� + 𝑟𝑟

𝐿𝐿3
𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1

𝐶𝐶

+
1
2
𝑟𝑟𝑟𝑟 �

𝐿𝐿3
𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1�

2

� + (𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏)𝐷𝐷 

Thus, the total delay is 



𝜏𝜏 = 𝜏𝜏1 + 𝜏𝜏2 + 𝜏𝜏3

= 𝑅𝑅𝑅𝑅𝐿𝐿1 + 𝑅𝑅𝑅𝑅(𝑎𝑎 + 1) + 𝑟𝑟𝐿𝐿1𝐶𝐶 +
1
2
𝑟𝑟𝑟𝑟

𝐿𝐿12

𝑎𝑎 + 1
+ 𝑅𝑅𝑅𝑅𝐿𝐿2 + 𝑅𝑅𝑅𝑅(𝑏𝑏 + 1) + 𝑟𝑟𝐿𝐿2𝐶𝐶

+
1
2
𝑟𝑟𝑟𝑟

𝐿𝐿22

𝑏𝑏 + 1
+ 𝑅𝑅𝑅𝑅𝐿𝐿3 + 𝑅𝑅𝑅𝑅(𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1) + 𝑟𝑟𝐿𝐿3𝐶𝐶 +

1
2
𝑟𝑟𝑟𝑟

𝐿𝐿32

𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1
+ 𝑘𝑘𝑘𝑘 

= 𝑅𝑅𝑅𝑅𝐿𝐿 + 𝑅𝑅𝑅𝑅(𝑘𝑘 + 3) + 𝑟𝑟𝑟𝑟𝐿𝐿 + 𝑘𝑘𝑘𝑘 +
1
2
𝑟𝑟𝑟𝑟 �

𝐿𝐿12

𝑎𝑎 + 1
+

𝐿𝐿22

𝑏𝑏 + 1
+

𝐿𝐿32

𝑘𝑘 − 𝑎𝑎 − 𝑏𝑏 + 1
� 

where (𝐿𝐿 = 𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3) 

𝜕𝜕𝜏𝜏
𝜕𝜕𝑎𝑎

= 0 => − 𝐿𝐿12

(𝑎𝑎+1)2 + 𝐿𝐿32

(𝑘𝑘−𝑎𝑎−𝑏𝑏+1)2 = 0 

𝜕𝜕𝜏𝜏
𝜕𝜕𝑏𝑏

= 0 => − 𝐿𝐿22

(𝑏𝑏+1)2 + 𝐿𝐿32

(𝑘𝑘−𝑎𝑎−𝑏𝑏+1)2 = 0 

𝑎𝑎 =
(𝑘𝑘 + 2)𝐿𝐿1 − 𝐿𝐿2 − 𝐿𝐿3

𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3
 

𝑏𝑏 =
(𝑘𝑘 + 2)𝐿𝐿2 − 𝐿𝐿1 − 𝐿𝐿3

𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3
 

 

(2) Answer the following questions for the problem (1) (Correct: +5 points, Wrong: -5 
points, No answer: 0) for the minimization of the delay from the driver to the sink. 

• If 𝑘𝑘 increases, 𝑎𝑎 increases. (True / False) 
• If 𝑘𝑘 increases, 𝑏𝑏 increases. (True / False) 
• If the input capacitance of the sink increases, 𝑎𝑎 increases. (True / False) 
• If the input capacitance of the sink increases, 𝑏𝑏 increases. (True / False) 

 

 

 

 

 

 

 



Problem #4 (Interconnects, 40 points) 

 
The figure shows a long wire whose length, unit resistance and capacitance are 𝐿𝐿, 𝑟𝑟, 
and 𝑐𝑐, respectively. We want to insert a buffer (0 < 𝑥𝑥 < 𝐿𝐿). The size of the buffer is 𝑠𝑠 
and its output resistance, input capacitance, output capacitance, and internal delay are 
as follows: 

• Output resistance: 𝑅𝑅
𝑠𝑠
 (where 𝑅𝑅 is a constant) 

• Input capacitance: 𝑠𝑠𝑠𝑠 (where 𝑃𝑃 is a constant) 
• Output capacitance: 𝑠𝑠𝑄𝑄 (where 𝑄𝑄 is a constant) 
• Internal delay: 𝑠𝑠𝑠𝑠 (where 𝐷𝐷 is a constant) 

𝑅𝑅0 is the output resistance of the driver and 𝐶𝐶2 is the input capacitance of the sink. 
Notice that there are two variables, 𝑥𝑥 and 𝑠𝑠. You can model the buffer using the 
following model. 

 
(1) Express the total delay as a function of the variables and the constants. (10 points) 

𝜏𝜏 = 𝑅𝑅0(𝑐𝑐𝑐𝑐 + 𝑠𝑠𝑠𝑠) + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 +
1
2
𝑟𝑟𝑟𝑟𝑥𝑥2 + 𝑠𝑠𝑠𝑠 +

𝑅𝑅
𝑠𝑠

(𝑠𝑠𝑠𝑠 + 𝑐𝑐(𝐿𝐿 − 𝑥𝑥) + 𝐶𝐶2) + 𝑟𝑟(𝐿𝐿 − 𝑥𝑥)𝐶𝐶2

+
1
2
𝑟𝑟𝑟𝑟(𝐿𝐿 − 𝑥𝑥)2 

 

(2) Find the optimal location of the buffer (you can treat 𝑠𝑠 as a constant.) (10 points) 

𝜕𝜕𝜏𝜏
𝜕𝜕𝜕𝜕

= 𝑅𝑅0𝑐𝑐 + 𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑟𝑟𝑟𝑟𝑟𝑟 −
𝑅𝑅𝑅𝑅
𝑠𝑠
− 𝑟𝑟𝐶𝐶2 + 𝑟𝑟𝑟𝑟(𝑥𝑥 − 𝐿𝐿) = 0 

𝑥𝑥 =
1
2 �
𝐿𝐿 +

𝐶𝐶2
𝑐𝑐

+
𝑅𝑅
𝑟𝑟𝑟𝑟
−
𝑅𝑅0
𝑟𝑟
−
𝑠𝑠𝑃𝑃
𝑐𝑐 �

 

 

 



(3) Answer the following questions for the problem (1) (Correct: +5 points, Wrong: -5 
points, No answer: 0) for the minimization of the delay from the driver to the sink. 
Assume that 𝑅𝑅0 > 𝑅𝑅

𝑠𝑠
 and 𝐶𝐶2 > 𝑠𝑠𝑠𝑠. 

• If 𝐶𝐶2 increases, 𝑥𝑥 increases. (True / False) 
• If 𝑐𝑐 increases, 𝑥𝑥 increases. (True / False) 
• If 𝑅𝑅 increases, 𝑥𝑥 increases. (True / False) 
• If 𝑟𝑟 increases, 𝑥𝑥 increases. (True / False) 
• If 𝑅𝑅0 increases, 𝑥𝑥 increases. (True / False) 
• If 𝑃𝑃 increases, 𝑥𝑥 increases. (True / False) 

 

 

 

 

 

 

 

 

 


