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Boolean Logic/Algebra
• Deals with two values (0, 1)

• NOT (one input, one output)
– NOT 0 = 1
– NOT 1 = 0

• AND (two inputs, one output)
– 0 AND 0 = 0
– 0 AND 1 = 0
– 1 AND 0 = 0
– 1 AND 1 = 1

• OR (two inputs, one output)
– 0 OR 0 = 0
– 0 OR 1 = 1
– 1 OR 0 = 1
– 1 OR 1 = 1



Boolean Logic/Algebra
• Laws

𝐴𝐴 � 𝐵𝐵 = 𝐵𝐵 � 𝐴𝐴
𝐴𝐴 � 𝐴𝐴 = 𝐴𝐴
𝐴𝐴 � 0 = 0
𝐴𝐴 � 1 = 𝐴𝐴

𝐴𝐴 + 𝐵𝐵 = 𝐵𝐵 + 𝐴𝐴
𝐴𝐴 + 𝐴𝐴 = 𝐴𝐴
𝐴𝐴 + 0 = 𝐴𝐴
𝐴𝐴 + 1 = 1

𝐴𝐴 � 𝐵𝐵 + 𝐶𝐶 = 𝐴𝐴 � 𝐵𝐵 + 𝐴𝐴 � 𝐶𝐶 = 𝐴𝐴 � 𝐵𝐵 + 𝐴𝐴 � 𝐶𝐶
𝐴𝐴 + 𝐵𝐵 � 𝐶𝐶 = (𝐴𝐴 + 𝐵𝐵) � (𝐴𝐴 + 𝐶𝐶)

𝐴𝐴 � 𝐴̅𝐴 = 0
𝐴𝐴 + 𝐴̅𝐴 = 1

̅𝐴̅𝐴 = 𝐴𝐴



Boolean Logic/Algebra
• De Morgan’s Law

𝐹𝐹(𝑥𝑥1, … , 𝑥𝑥𝑛𝑛,𝐴𝐴𝐴𝐴𝐴𝐴,𝑂𝑂𝑂𝑂) = 𝐹𝐹(𝑥𝑥1, … , 𝑥𝑥𝑛𝑛,𝑂𝑂𝑂𝑂,𝐴𝐴𝐴𝐴𝐴𝐴)

𝐴𝐴 � 𝐵𝐵 = 𝐴̅𝐴 + �𝐵𝐵
𝐴𝐴 + 𝐵𝐵 = 𝐴̅𝐴 � �𝐵𝐵

𝐴𝐴 � (𝐵𝐵 + 𝐶𝐶 + 𝐷𝐷 � 𝐸𝐸 � 𝐹𝐹 + 𝐺𝐺 ) = 𝐴̅𝐴 + ( �𝐵𝐵 � ̅𝐶𝐶 � (�𝐷𝐷 + �𝐸𝐸 + ( �𝐹𝐹 � 𝐺̅𝐺)))

• XOR, XNOR
𝑌𝑌 = 𝐴𝐴⊕ 𝐵𝐵 = 𝐴𝐴 � �𝐵𝐵 + 𝐴̅𝐴 � 𝐵𝐵
𝑌𝑌 = 𝐴𝐴⊕ 𝐵𝐵 = 𝐴𝐴 � 𝐵𝐵 + 𝐴̅𝐴 � �𝐵𝐵

𝐴𝐴⊕ 𝐵𝐵 = 𝐵𝐵 ⊕𝐴𝐴



Systems

Input
(Data)

(Control)

Output



Basic Gates (Cells) and Signals
• We can categorize gates based on

– (# inputs, # outputs)
– Logic types (combinational, sequential)
– ...

• Signals
– 0, 1, Z (high-impedance), X (don’t-care), U (unknown)
– In general, 0 and 1 are always available as primary inputs (PIs).



Gates – (1, 1)

A Y
0 0
1 0

A Y

A Y
0 0
1 1

A Y
0 1
1 0

A Y
0 1
1 1

Constant 0

0 Y

𝑌𝑌 = 0

Constant 1

1 Y

𝑌𝑌 = 1𝑌𝑌 = 𝐴𝐴 𝑌𝑌 = 𝐴̅𝐴

𝐴𝐴 𝑌𝑌𝐴𝐴 𝑌𝑌

Buffer Inverter



How to Derive the Boolean Equations

A Y
0 0
1 0

A Y
0 0
1 1

A Y
0 1
1 0

A Y
0 1
1 1

𝑌𝑌 = 𝐴̅𝐴 � 0 + 𝐴𝐴 � 0 = 0 𝑌𝑌 = 𝐴̅𝐴 � 1 + 𝐴𝐴 � 1 = 1𝑌𝑌 = 𝐴̅𝐴 � 0 + 𝐴𝐴 � 1 = A 𝑌𝑌 = 𝐴̅𝐴 � 1 + 𝐴𝐴 � 0 = 𝐴̅𝐴

𝑌𝑌 = 0 𝑌𝑌 = 1𝑌𝑌 = 𝐴𝐴 𝑌𝑌 = 𝐴̅𝐴

0 Y 1 Y𝐴𝐴 𝑌𝑌𝐴𝐴 𝑌𝑌

A Y



Gates – (2, 1)

A YB

A B Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1



Gates – (2, 1)

A YB

A B Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

𝑌𝑌 = 0

𝑌𝑌 = 𝐴𝐴 � 𝐵𝐵
(AND)

𝑌𝑌 = 𝐵𝐵 → 𝐴𝐴
(𝐵𝐵 � 𝐴̅𝐴)

𝑌𝑌 = 𝐴𝐴 → 𝐵𝐵
(𝐴𝐴 � �𝐵𝐵)

𝑌𝑌 = 𝐴𝐴 + 𝐵𝐵
(NOR)

𝑌𝑌 = �𝐵𝐵 𝑌𝑌 = 𝐴̅𝐴

𝑌𝑌 = 𝐴𝐴 + 𝐵𝐵
(OR)

𝑌𝑌 = 1

𝑌𝑌 = 𝐴𝐴 � 𝐵𝐵
(NAND)

𝑌𝑌 = 𝐴𝐴 𝑌𝑌 = 𝐵𝐵

𝑌𝑌 = 𝐴𝐴⊕𝐵𝐵
(XOR)

𝑌𝑌 = 𝐴𝐴⊕𝐵𝐵
(XNOR)

𝑌𝑌 = 𝐵𝐵 → 𝐴𝐴
( �𝐵𝐵 + 𝐴𝐴)

𝑌𝑌 = 𝐴𝐴 → 𝐵𝐵
(𝐴̅𝐴 + 𝐵𝐵)



Gates – (n, 1)

• 𝑛𝑛-input AND: 𝑌𝑌 = 𝐴𝐴1 � 𝐴𝐴2 � ⋯ � 𝐴𝐴𝑛𝑛

• 𝑛𝑛-input NAND: 𝑌𝑌 = 𝐴𝐴1 � 𝐴𝐴2 � ⋯ � 𝐴𝐴𝑛𝑛

• 𝑛𝑛-input OR: 𝑌𝑌 = 𝐴𝐴1 + 𝐴𝐴2 + ⋯+ 𝐴𝐴𝑛𝑛

• 𝑛𝑛-input NOR: 𝑌𝑌 = 𝐴𝐴1 + 𝐴𝐴2 + ⋯+ 𝐴𝐴𝑛𝑛

• 𝑛𝑛-input XOR: 𝑌𝑌 = 𝐴𝐴1 ⊕ 𝐴𝐴2 ⊕⋯⊕𝐴𝐴𝑛𝑛 (1 if #1’s is odd)

• 𝑛𝑛-input XNOR: 𝑌𝑌 = 𝐴𝐴1 ⊕ 𝐴𝐴2 ⊕⋯⊕𝐴𝐴𝑛𝑛 (1 if #1’s is even)

A Y



Gates – (2, 2)

• Half-adder

A Y1
B Y2

A B S CO
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1



Gates – (3, 2)

• Full-adder
A B CI S CO
0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

A[] Y[]



Gates – (n, 1)
• Multiplexer (MUX)

• 4:1 MUX
𝑌𝑌 = �𝑆𝑆1 � 𝑆𝑆0 � 𝐴𝐴0 + �𝑆𝑆1 � 𝑆𝑆0 � 𝐴𝐴1 + 𝑆𝑆1 � 𝑆𝑆0 � 𝐴𝐴2 + 𝑆𝑆1 � 𝑆𝑆0 � 𝐴𝐴3

• 𝑘𝑘-bit 𝑛𝑛:1 MUX

A YS



Gates – (n, m)
• Demultiplexer (DEMUX)

• 1:4 DEMUX

A YS

S1 S0 Y3 Y2 Y1 Y0

0 0 0 0 0 A
0 1 0 0 A 0
1 0 0 A 0 0
1 1 A 0 0 0



Gates – (0, 0), (0, 1), (1, 0)
• (0, 0)

– Fill cells (used for filling white space in a layout)
– Decap cells
– Tap cells
– ...

• (0, 1)
– Constant-output cells (used to connect a signal to ground, power)
– ...

• (1, 0)
– Antenna cells (used to fix antenna rule violations)
– ...



Synchronization
• Timing diagram

𝑡𝑡

data 0 data 1 data 2 data 3 data 4

Logicinput output



Synchronization
• Signal path

– A traversal
• from a primary input to a primary output
• from a primary input to a flip-flop
• from a flip-flop to a primary output
• from a flip-flop to a flip-flop

• Different signal paths have different delays.
• Signal delays are data-dependent.

Logicinput output



Synchronization
• Timing diagram

𝑡𝑡

data 0 data 1 data 2 data 3 data 4

Logicinput output

Flip-flops



Synchronization
• Timing diagram

𝑡𝑡

data 0 data 1 data 2 data 3 data 4

Logicinput output

Flip-flops Flip-flops
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