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Notations
o 𝑋𝑋: Value
 4
 20
 −20
 ...

o 𝑋𝑋 𝐾𝐾: Representation of value 𝑋𝑋 in a certain number system (denoted 
by 𝐾𝐾)
 4 = 00000100 2′𝑠𝑠 = (number 4 in the two’s complement)
 20 = 00010100 𝑆𝑆𝑆𝑆 = (number 20 in the signed-magnitude)
 −20 = 10010100 𝑆𝑆𝑆𝑆 = (number −20 in the signed-magnitude)
 −20 = 11101011 1′𝑠𝑠 = (number −20 in the one’s complement)
 −20 = 11101100 2′𝑠𝑠 = (number −20 in the two’s complement)



Number Systems
o A number representation of length 𝑛𝑛 is an ordered sequence of 

digits.

o Example

𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛−2,⋯ , 𝑥𝑥1, 𝑥𝑥0 = 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0

Representation Value
000 10 0
001 10 1
002 10 2
009 10 9
023 10 23
926 10 −74

Representation Value
000 2 0
001 2 1
010 2 2
011 2 3
101 2 5
111 2 7

Decimal, 𝑛𝑛 = 3, two’s complement Binary, 𝑛𝑛 = 3, unsigned



Unsigned Numbers
o Radix-𝑟𝑟 number
 Representation

 Numerical value (unsigned)

o Example (Representation → Value)

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 𝑟𝑟 where 𝑥𝑥𝑖𝑖 is 0, 1,⋯ , 𝑟𝑟 − 1

𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 � 𝑟𝑟𝑛𝑛−1 + ⋯+ 𝑥𝑥1 � 𝑟𝑟1 + 𝑥𝑥0 � 𝑟𝑟0 = �
𝑖𝑖=0

𝑛𝑛−1

𝑥𝑥𝑖𝑖 � 2𝑖𝑖

475 10 = 4 � 102 + 7 � 101 + 5 � 100 = 475

521 6 = 5 � 62 + 2 � 61 + 1 � 60 = 193

110 2 = 1 � 22 + 1 � 21 + 0 � 20 = 6

Example

0011 2
372 9

530 5(wrong!)



Number Systems
o Terminologies
 Radix-2: Binary numbers

• 𝑥𝑥𝑖𝑖 ∈ {0, 1}
 Radix-8: Octal numbers

• 𝑥𝑥𝑖𝑖 ∈ {0, 1, 2, 3, 4, 5, 6, 7}
 Radix-10: Decimal numbers

• 𝑥𝑥𝑖𝑖 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}
 Radix-16: Hexadecimal numbers

• 𝑥𝑥𝑖𝑖 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9,𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷,𝐸𝐸,𝐹𝐹}
– 𝐴𝐴: 10
– 𝐵𝐵: 11
– 𝐶𝐶: 12
– 𝐷𝐷: 13
– 𝐸𝐸: 14
– 𝐹𝐹: 15



Conventional Number Systems
o Non-redundant
 Every number has a unique representation.

• Ex: 28 10 ≠ 32 10

o Weighted
 There are weights for the conversion of a representation into its value.

o Positional
 The weight 𝑤𝑤𝑖𝑖 depends only on the position 𝑖𝑖.

𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 � 𝑤𝑤𝑛𝑛−1 + ⋯+ 𝑥𝑥1 � 𝑤𝑤1 + 𝑥𝑥0 � 𝑤𝑤0 = �
𝑖𝑖=0

𝑛𝑛−1
𝑥𝑥𝑖𝑖 � 𝑤𝑤𝑖𝑖

Representation Value

𝑥𝑥𝑘𝑘

𝑥𝑥𝑖𝑖 𝑑𝑑𝑗𝑗

redundant



Number Representation – Unsigned
o For a given number 𝑋𝑋, find its number representation in the 

destination number system.

o 𝑋𝑋 → 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 𝑑𝑑
 𝑑𝑑: the destination number system

o Example

𝑿𝑿 𝒅𝒅 = 𝟓𝟓,𝒏𝒏 = 𝟐𝟐
3 03 5

6 11 5

9 14 5

10 cannot represent
(# bits should be ≥ 3)



Number Representation – Unsigned
o How-to

1. Divide 𝑋𝑋 by 𝑑𝑑, get the quotient 𝑄𝑄1 and the remainder 𝑟𝑟0.
2. Divide 𝑄𝑄1 by 𝑑𝑑, get the quotient 𝑄𝑄2 and the remainder 𝑟𝑟1.
3. Divide 𝑄𝑄2 by 𝑑𝑑, get the quotient 𝑄𝑄3 and the remainder 𝑟𝑟2.
4. Repeat until the quotient becomes zero.
5. Then, 𝑋𝑋 = 𝑟𝑟𝑛𝑛−1 ⋯𝑟𝑟1𝑟𝑟0 𝑑𝑑

o Example
 𝑋𝑋 = 157, 𝑑𝑑 = 4

• 157
4

= 39 … 1

• 39
4

= 9 … 3

• 9
4

= 2 … 1

• 2
4

= 0 … 2

• 157 = 2131 4



Number Representation – Unsigned
o Proof

𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0 𝑑𝑑
= 𝑥𝑥𝑛𝑛−1 � 𝑑𝑑𝑛𝑛−1 + ⋯+ 𝑥𝑥1 � 𝑑𝑑1 + 𝑥𝑥0 � 𝑑𝑑0
= 𝑥𝑥𝑛𝑛−1 � 𝑑𝑑𝑛𝑛−2 + ⋯+ 𝑥𝑥2 � 𝑑𝑑 + 𝑥𝑥1 � 𝑑𝑑 + 𝑥𝑥0

Quotient Remainder

𝑥𝑥𝑛𝑛−1 � 𝑑𝑑𝑛𝑛−2 + ⋯+ 𝑥𝑥2 � 𝑑𝑑 + 𝑥𝑥1
= 𝑥𝑥𝑛𝑛−1 � 𝑑𝑑𝑛𝑛−3 + ⋯+ 𝑥𝑥3 � 𝑑𝑑 + 𝑥𝑥2 � 𝑑𝑑 + 𝑥𝑥1

Quotient Remainder

⋯



Radix Conversion – Unsigned
o 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 𝑠𝑠 → 𝑦𝑦𝑚𝑚−1𝑦𝑦𝑚𝑚−2 ⋯𝑦𝑦1𝑦𝑦0 𝑑𝑑
 𝑠𝑠: the source number system
 𝑑𝑑: the destination number system

o Example
𝒔𝒔 = 𝟐𝟐,𝒏𝒏 = 𝟑𝟑 𝒅𝒅 = 𝟓𝟓,𝒎𝒎 = 𝟐𝟐

000 2 00 5

001 2 01 5

010 2 02 5

011 2 03 5

100 2 04 5

101 2 10 5

110 2 11 5

111 2 12 5



Radix Conversion – Unsigned
o For arbitrary number systems

1. Convert 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 𝑠𝑠 to its numerical value 𝑋𝑋.
2. Convert 𝑋𝑋 to its representation in the destination number system.

o Example
 1101111 2 → ? 5

• 1101111 2 = 64 + 32 + 8 + 4 + 2 + 1 = 111

• 111
5

= 22 … 1

• 22
5

= 4 … 2

• 4
5

= 0 … 4

• 1101111 2 = 421 5



Radix Conversion – Unsigned
o Special case
 When 𝑠𝑠 = 𝑟𝑟𝑎𝑎 and 𝑑𝑑 = 𝑟𝑟𝑏𝑏

o Example
 11010011 2 → ? 16

• 𝑠𝑠 = 21

• 𝑑𝑑 = 24

o How-to
 11010011 2 = 𝐷𝐷𝐷 16

 7𝐹𝐹 16 = 01111111 2

𝐷𝐷 3

7 𝐹𝐹

Example

0011 0101 1010 2
↓

35𝐴𝐴 16

𝐹𝐹𝐹𝐹𝐹 16
↓

1111 1110 1000 2
↓

111 111 101 000 2
↓

7750 8
↓

11 11 11 10 10 00 2
↓

333220 4



Signed (Negative Numbers)
o How do we represent negative numbers?
 Use the prefix “−”.

o However, it is actually using an additional symbol “−” (or digit).
 Unfair

o We should use only digits (or bits) to represent negative numbers.



Negative Numbers
o Example

o As you see, the representation doesn’t use the “−” symbol. It uses 
only digits (0, 1,⋯ , 9) to represent negative numbers.

Representation Value
0000 10 0
0010 10 10
3857 10 3857
9999 10 −1
9998 10 −2
6143 10 −3857

Decimal, 𝑛𝑛 = 4, two’s complement



Negative Numbers in the Binary Number System

o Sign and magnitude (signed-magnitude)
 The first bit is the sign bit.

• 0: Positive
• 1: Negative

 Value
• If 𝑋𝑋 = 0⋯ 2, its value is 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20.
• If 𝑋𝑋 = 1⋯ 2, its value is − 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20 .

Representation Value
000 2 0
001 2 1
010 2 2
011 2 3
100 2 0 (negative zero)
101 2 −1
110 2 −2
111 2 −3

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 2

MagnitudeSign

Example

000 2 = 0

010 2 = 2

110 2 =
− 1 � 21 + 0 � 20

= −2



Negative Numbers in the Binary Number System

o One’s complement (diminished-radix complement)
 The first bit is the sign bit.

• 0: Positive
• 1: Negative

 Value
• If 𝑋𝑋 = 0⋯ 2, its value is 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20.
• If 𝑋𝑋 = 1⋯ 2, its value is − 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20 .

Representation Value
000 2 0
001 2 1
010 2 2
011 2 3
100 2 −3
101 2 −2
110 2 −1
111 2 0 (negative zero)

Example

000 2 = 0

010 2 = 2

110 2 =
− 0 � 21 + 1 � 20

= −1

101 2 =
− 1 � 21 + 0 � 20

= −2



Negative Numbers in the Binary Number System

o Two’s complement (radix complement)
 The first bit is the sign bit.

• 0: Positive
• 1: Negative

 Value
• If 𝑋𝑋 = 0⋯ 2, its value is 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20.
• If 𝑋𝑋 = 1⋯ 2, its value is
−(𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20 + 1).

Representation Value
000 2 0
001 2 1
010 2 2
011 2 3
100 2 −4 (exception)
101 2 −3
110 2 −2
111 2 −1

Example

000 2 = 0

010 2 = 2

110 2 =
−(0 � 21 + 1 � 20



Negative Numbers in the Binary Number System

o Conversion rules
 Positive 0𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 2 → Negative 1⋯ 2

 Negative 1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 2 → Positive 0⋯ 2

 Positive ↔ Negative: Given (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2

Sign and Magnitude One’s complement Two’s complement

1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 2 1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1 𝑥𝑥0 2
1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1 𝑥𝑥0 2

+ 0⋯01 2

Sign and Magnitude One’s complement Two’s complement

0𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 2 0𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1 𝑥𝑥0 2
0𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1 𝑥𝑥0 2

+ 0⋯01 2

Sign and Magnitude One’s complement Two’s complement

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥0 2 𝑥𝑥𝑛𝑛−1 𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1 𝑥𝑥0 2
𝑥𝑥𝑛𝑛−1 𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1 𝑥𝑥0 2

+ 0⋯01 2



Negative Numbers in the One’s Complement

𝑋𝑋 = 0011 2 = 3
−𝑋𝑋 = 1100 2 = −3

Exampleo Different interpretation of the one’s complement
 Positive: 𝑋𝑋 = 0𝑥𝑥𝑛𝑛−2𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1𝑥𝑥0 2

 Negative: −𝑋𝑋 = 1𝑥𝑥𝑛𝑛−2 𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1 𝑥𝑥0 2

o Observation
 (𝑆𝑆)2= 𝑋𝑋 2 + −𝑋𝑋 2 (just a literal addition, not arithmetic)

 𝑋𝑋 2 + −𝑋𝑋 2 = 11⋯1 2 = 2𝑛𝑛 − 1 (𝑛𝑛: # bits, unsigned)

𝑋𝑋 = 0𝑥𝑥𝑛𝑛−2𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1𝑥𝑥0 2

−𝑋𝑋 = 1𝑥𝑥𝑛𝑛−2 𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1 𝑥𝑥0 2

𝑆𝑆 = 1 1 1 ⋯ 1 1 2

+

𝑆𝑆 = 1111 2 = 15
= 24 − 1

0011 2
1100 2



Negative Numbers in the One’s Complement
o How to obtain −𝑋𝑋 2 from a positive number 𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 2

 2𝑛𝑛 − 1 − 𝑋𝑋 2 (treat 2𝑛𝑛 − 1 − 𝑋𝑋 as an unsigned number)

o How to obtain 𝑋𝑋 2 from a negative number −𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 2

 2𝑛𝑛 − 1 − (−𝑋𝑋) 2 (treat (−𝑋𝑋) and 2𝑛𝑛 − 1 − (−𝑋𝑋) as unsigned numbers)

𝑋𝑋 = (0011)2= 3
−𝑋𝑋 = (1100)2= −3

24 − 1 − 3 = 12
12 = (1100)2

−𝑋𝑋 = 1100 2 = −3
24 − 1 − 12 = 3

3 = 0011 2

Example



Negative Numbers in the One’s Complement
o How can we use the new interpretation?
 Prove − −𝑋𝑋 = 𝑋𝑋 for a positive number 𝑋𝑋.

• Proof 1)

• Proof 2)

𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
−𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0)2

− −𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 2 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0 2 = 𝑋𝑋

𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
−𝑋𝑋 is represented by 2𝑛𝑛 − 1 − 𝑋𝑋

−(−𝑋𝑋) is represented by 2𝑛𝑛 − 1 − (2𝑛𝑛 − 1 − 𝑋𝑋)
2𝑛𝑛 − 1 − 2𝑛𝑛 − 1 − 𝑋𝑋 = 𝑋𝑋

∴ − −𝑋𝑋 = 𝑋𝑋



Negative Numbers in the Two’s Complement
Exampleo Different interpretation of the two’s complement

 Positive: 𝑋𝑋 = 0𝑥𝑥𝑛𝑛−2𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1𝑥𝑥0 2

 Negative: −𝑋𝑋 = 1𝑥𝑥𝑛𝑛−2 𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1 𝑥𝑥0 + 0⋯01 2

o Observation
 (𝑆𝑆)2= 𝑋𝑋 2 + −𝑋𝑋 2 (just a literal addition, not arithmetic)

 𝑋𝑋 2 + −𝑋𝑋 2 = 100⋯0 2 = 2𝑛𝑛 (𝑛𝑛: # bits, unsigned)

𝑋𝑋 = 0𝑥𝑥𝑛𝑛−2𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1𝑥𝑥0 2

−𝑋𝑋 = 1𝑥𝑥𝑛𝑛−2 𝑥𝑥𝑛𝑛−3 ⋯𝑥𝑥1 𝑥𝑥0 + 1 2

𝑆𝑆 = (1 1 1 ⋯ 1 1)2
+(0 0 0 … 0 1)2

= 100⋯0 2

+

𝑆𝑆 = 10000 2 = 16
= 24

0011 2
1101 2

𝑋𝑋 = 0011 2 = 3
−𝑋𝑋 = 1100 + 0001 2

= 1101 2 = −3



Negative Numbers in the Two’s Complement
o How to obtain −𝑋𝑋 2 from a positive number 𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 + 1 2

 2𝑛𝑛 − 𝑋𝑋 2 (treat 2𝑛𝑛 − 𝑋𝑋 as an unsigned number)

o How to obtain 𝑋𝑋 2 from a negative number −𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 + 1 2

 2𝑛𝑛 − (−𝑋𝑋) 2 (treat (−𝑋𝑋) and 2𝑛𝑛 − (−𝑋𝑋) as unsigned numbers)

𝑋𝑋 = (0011)2= 3
−𝑋𝑋 = (1101)2= −3

24 − 3 = 13
13 = (1101)2

−𝑋𝑋 = 1101 2 = −3
24 − 13 = 3
3 = 0011 2

Example



Negative Numbers in the Two’s Complement
o How can we use the new interpretation?
 Prove − −𝑋𝑋 = 𝑋𝑋 for a positive number 𝑋𝑋.

• Proof 1)

• Proof 2)

𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
−𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 + 1)2

If 𝑋𝑋 = 0, −𝑋𝑋 = 11⋯1 + 1 2 = (00⋯0)2
− −𝑋𝑋 = 11⋯1 + 1 2 = 00⋯0 2 = 0

If 𝑋𝑋 ≠ 0, suppose 𝑥𝑥𝑖𝑖 is the first LSB 1 appearing in (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2.
(i.e., 𝑥𝑥𝑖𝑖 = 1 and 𝑥𝑥𝑖𝑖−1 = 𝑥𝑥𝑖𝑖−2 = ⋯ = 𝑥𝑥0 = 0)
Then, −𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1 𝑥𝑥0 + 1 2 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥𝑖𝑖+1100⋯0)2
(where the tailing zeros are from 𝑥𝑥𝑖𝑖−1 to 𝑥𝑥0.)
− −𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥𝑖𝑖+1011⋯1 + 1 2 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥𝑖𝑖+1100⋯0 2 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2

𝑋𝑋 = (𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥1𝑥𝑥0)2
−𝑋𝑋 is represented by 2𝑛𝑛 − 𝑋𝑋

−(−𝑋𝑋) is represented by 2𝑛𝑛 − (2𝑛𝑛 − 𝑋𝑋)
2𝑛𝑛 − 2𝑛𝑛 − 𝑋𝑋 = 𝑋𝑋
∴ − −𝑋𝑋 = 𝑋𝑋



Addition (Unsigned)
o The range of the input: [0, 2𝑛𝑛 − 1]
o The range of the output (sum): [0, 2𝑛𝑛+1 − 2]
 How many bits do we need to represent the sum?

• 2𝑛𝑛 − 1 < 2𝑛𝑛+1 − 2 < 2𝑛𝑛+1 − 1

o Sum

 How do you compute 𝑧𝑧0, 𝑧𝑧1, … , 𝑧𝑧𝑛𝑛−1?

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
+ 𝑦𝑦𝑛𝑛−1𝑦𝑦𝑛𝑛−2 …𝑦𝑦1𝑦𝑦0
𝑧𝑧𝑛𝑛𝑧𝑧𝑛𝑛−1𝑧𝑧𝑛𝑛−2 … 𝑧𝑧1𝑧𝑧0

Max. that can be
represented with 𝑛𝑛 bits

Max. that can be
represented with 𝑛𝑛 + 1 bits

Overflow

𝑥𝑥𝑛𝑛−1 𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1 𝑥𝑥0
+ 𝑦𝑦𝑛𝑛−1 𝑦𝑦𝑛𝑛−2 … 𝑦𝑦1 𝑦𝑦0

𝑧𝑧𝑛𝑛 𝑧𝑧𝑛𝑛−1 𝑧𝑧𝑛𝑛−2 … 𝑧𝑧1 𝑧𝑧0

𝑐𝑐1𝑐𝑐𝑛𝑛−2𝑐𝑐𝑛𝑛−1𝑐𝑐𝑛𝑛



Addition (Unsigned)
o Overflow (the sum cannot be represented with 𝑛𝑛 bits)

o How can we detect overflows?
 Use the most-significant carry-out bit

 Compare the MSBs

1111 1111
+0000 0001
1 0000 0000

1111 1111
+0000 0001
𝟏𝟏 0000 0000

𝟏𝟏111 1111
+𝟎𝟎000 0001
𝟎𝟎000 0000

𝑥𝑥𝑛𝑛−1 0 0 (or 1) 0 (or 1) 1
𝑦𝑦𝑛𝑛−1 0 1 (or 0) 1 (or 0) 1
𝑧𝑧𝑛𝑛−1 X 0 1 X

Overflow No Yes No Yes



Subtraction (Unsigned)
o Subtraction

 How do you compute 𝑧𝑧0, 𝑧𝑧1, … , 𝑧𝑧𝑛𝑛−1?

o How can we detect underflows?

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
−𝑦𝑦𝑛𝑛−1𝑦𝑦𝑛𝑛−2 …𝑦𝑦1𝑦𝑦0
𝑧𝑧𝑛𝑛−1𝑧𝑧𝑛𝑛−2 … 𝑧𝑧1𝑧𝑧0

𝑥𝑥𝑛𝑛−1 𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1 𝑥𝑥0
−𝑦𝑦𝑛𝑛−1 𝑦𝑦𝑛𝑛−2 … 𝑦𝑦1 𝑦𝑦0
𝑧𝑧𝑛𝑛−1 𝑧𝑧𝑛𝑛−2 … 𝑧𝑧1 𝑧𝑧0

𝑏𝑏𝑛𝑛−1 𝑏𝑏1 𝑏𝑏0



Addition (S&M)
o Now, there is no difference between addition and subtraction.
 𝐴𝐴 − 𝐵𝐵 = 𝐴𝐴 + (−𝐵𝐵)

o The range of the input: [−2𝑛𝑛−1, 2𝑛𝑛−1 − 1]
o The range of the output (sum): [−2𝑛𝑛, 2𝑛𝑛 − 2]
 How many bits do we need to represent the sum?

• Max: 2𝑛𝑛 − 2 < 2𝑛𝑛 − 1

• Min: −2𝑛𝑛 (need 𝑛𝑛 + 1 bits)
 This means that there could be an overflow or underflow.

Max. that can be
represented with 𝑛𝑛 + 1 bits



Addition (S&M)
o How to add
 Positive + positive: Easy (exactly the same as the unsigned numbers).

• Overflow
 Negative + negative: Easy (exactly the same as the unsigned numbers)

• Underflow

 Positive + negative (or negative + positive): Not easy to implement.

𝑥𝑥𝑛𝑛−1 1 1
𝑦𝑦𝑛𝑛−1 1 1
𝑧𝑧𝑛𝑛−1 0 1

Overflow Yes No



Addition (One’s Complement)
o How to add
 Positive + positive: Easy (exactly the same as the unsigned numbers).

• Overflow
 Positive + negative (or negative + positive)

• 𝑋𝑋 (positive), 𝑌𝑌 (negative)
• Let 𝑌𝑌 = −𝑇𝑇 (where 𝑇𝑇 is positive.)
• 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌 = 𝑋𝑋 + −𝑇𝑇 = 𝑋𝑋 2 + �𝑇𝑇 2 = 𝑋𝑋 2 + 2𝑛𝑛 − 𝑇𝑇 − 1 2 = 2𝑛𝑛 + 𝑋𝑋 − 𝑇𝑇 − 1

• If 𝑋𝑋 > 𝑌𝑌 (i.e., 𝑋𝑋 > 𝑇𝑇), then 𝑍𝑍 = 2𝑛𝑛 + 𝑆𝑆 where 𝑆𝑆 = 𝑋𝑋 − 𝑇𝑇 − 1 ≥ 0.

• To obtain 𝑋𝑋 − 𝑇𝑇 (= 𝑋𝑋 + 𝑌𝑌), we should add 1 to 𝑆𝑆 (this is a correction step).

Value Value Representation Representation Rearrangement
in unsigned

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
+𝑦𝑦𝑛𝑛−1𝑦𝑦𝑛𝑛−2 …𝑦𝑦1𝑦𝑦0
𝑠𝑠𝑛𝑛−1𝑠𝑠𝑛𝑛−2 … 𝑠𝑠1𝑠𝑠01

2𝑛𝑛 𝑋𝑋 − 𝑇𝑇 − 1



Addition (One’s Complement)
 Positive + negative (or negative + positive)

• 𝑋𝑋 (positive), 𝑌𝑌 (negative)
• Let 𝑌𝑌 = −𝑇𝑇 (where 𝑇𝑇 is positive.)
• 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌 = 𝑋𝑋 + −𝑇𝑇 = 𝑋𝑋 2 + �𝑇𝑇 2 = 𝑋𝑋 2 + 2𝑛𝑛 − 𝑇𝑇 − 1 2 = 2𝑛𝑛 + 𝑋𝑋 − 𝑇𝑇 − 1

• If 𝑋𝑋 < 𝑌𝑌 (i.e., 𝑋𝑋 < 𝑇𝑇), then 𝑍𝑍 = 2𝑛𝑛 − 1 − 𝑆𝑆 where 𝑆𝑆 = 𝑇𝑇 − 𝑋𝑋 > 0. 𝑍𝑍 = ̅𝑆𝑆, which is 
the representation for −𝑆𝑆 in one’s complement. −𝑆𝑆 = 𝑋𝑋 − 𝑇𝑇 = 𝑋𝑋 + 𝑌𝑌, so we 
obtained the correct result (no correction step is needed).

 Negative + negative
• 𝑋𝑋 (negative), 𝑌𝑌 (negative)
• Let 𝑋𝑋 = −𝐴𝐴 and 𝑌𝑌 = −𝐵𝐵 (so 𝐴𝐴 and 𝐵𝐵 are positive)
• 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌 = −𝐴𝐴 + −𝐵𝐵 = 𝐴̅𝐴 2 + �𝐵𝐵 2 = 2𝑛𝑛 − 𝐴𝐴 − 1 2 + 2𝑛𝑛 − 𝐵𝐵 − 1 2 =

2𝑛𝑛 − 𝐴𝐴 + 𝐵𝐵 + 1 + 2𝑛𝑛 − 1

Value Value Representation Representation Rearrangement
in unsigned

𝐴𝐴 + 𝐵𝐵 = − 𝐴𝐴 + 𝐵𝐵 = 𝑋𝑋 + 𝑌𝑌 should be removed (by adding 1 to the result, i.e., need a correction step).



Addition (One’s Complement)
o Summary (add 𝑋𝑋 and 𝑌𝑌)

o Example

𝑿𝑿,𝒀𝒀 > 𝟎𝟎 𝑿𝑿 > 𝟎𝟎,𝒀𝒀 < 𝟎𝟎 (𝑿𝑿 > 𝒀𝒀 ) 𝑿𝑿 > 𝟎𝟎,𝒀𝒀 < 𝟎𝟎 (𝑿𝑿 < 𝒀𝒀 ) 𝑿𝑿,𝒀𝒀 < 𝟎𝟎

How to add 𝑋𝑋 2 + 𝑌𝑌 2 𝑋𝑋 2 + 𝑌𝑌 2 + 1 𝑋𝑋 2 + 𝑌𝑌 2 𝑋𝑋 2 + 𝑌𝑌 2 + 1

Overflow/underflow Overflow No No Underflow

0100
+0010

0110

0100
+0110

1010
overflow

4
+ 2
= 6

4
+ 6
= −2

0100
+1100
+0001

0001

0111
+1101
+0001

0101

4
− 3

= 1

7
− 2

= 5

0100
+1000

1100

0010
+1011

1101

4
− 7

= −3

2
−4

= −2

1011
+1100
+0001

1000

1010
+1100
+0001

0111

−4
−3

= −7

−5
−3

= 7
underflow



Addition (Two’s Complement)
o How to add
 Positive + positive: Easy (exactly the same as the unsigned numbers).

• Overflow
 Positive + negative (or negative + positive)

• 𝑋𝑋 (positive), 𝑌𝑌 (negative)
• Let 𝑌𝑌 = −𝑇𝑇 (where 𝑇𝑇 is positive.)
• 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌 = 𝑋𝑋 + −𝑇𝑇 = 𝑋𝑋 2 + �𝑇𝑇 + 1 2 = 𝑋𝑋 2 + 2𝑛𝑛 − 𝑇𝑇 2 = 2𝑛𝑛 + 𝑋𝑋 − 𝑇𝑇

• If 𝑋𝑋 > 𝑌𝑌 (i.e., 𝑋𝑋 > 𝑇𝑇), then 𝑍𝑍 = 2𝑛𝑛 + 𝑆𝑆 where 𝑆𝑆 = 𝑋𝑋 − 𝑇𝑇 > 0.

• To obtain 𝑋𝑋 − 𝑇𝑇 (= 𝑋𝑋 + 𝑌𝑌), just drop 1 in the (n+1)-th position.

Value Value Representation Representation Rearrangement
in unsigned

𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
+𝑦𝑦𝑛𝑛−1𝑦𝑦𝑛𝑛−2 …𝑦𝑦1𝑦𝑦0
𝑠𝑠𝑛𝑛−1𝑠𝑠𝑛𝑛−2 … 𝑠𝑠1𝑠𝑠01

2𝑛𝑛 𝑋𝑋 − 𝑇𝑇



Addition (Two’s Complement)
 Positive + negative (or negative + positive)

• 𝑋𝑋 (positive), 𝑌𝑌 (negative)
• Let 𝑌𝑌 = −𝑇𝑇 (where 𝑇𝑇 is positive.)
• 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌 = 𝑋𝑋 + −𝑇𝑇 = 𝑋𝑋 2 + �𝑇𝑇 + 1 2 = 𝑋𝑋 2 + 2𝑛𝑛 − 𝑇𝑇 2 = 2𝑛𝑛 + 𝑋𝑋 − 𝑇𝑇

• If 𝑋𝑋 < 𝑌𝑌 (i.e., 𝑋𝑋 < 𝑇𝑇), then 𝑍𝑍 = 2𝑛𝑛 − 𝑆𝑆 where 𝑆𝑆 = 𝑇𝑇 − 𝑋𝑋 > 0. 𝑍𝑍 = ̅𝑆𝑆 + 1, which is 
the representation for −𝑆𝑆 in two’s complement. −𝑆𝑆 = 𝑋𝑋 − 𝑇𝑇 = 𝑋𝑋 + 𝑌𝑌, so we 
obtained the correct result (no correction step is needed).

 Negative + negative
• 𝑋𝑋 (negative), 𝑌𝑌 (negative)
• Let 𝑋𝑋 = −𝐴𝐴 and 𝑌𝑌 = −𝐵𝐵 (so 𝐴𝐴 and 𝐵𝐵 are positive)
• 𝑍𝑍 = 𝑋𝑋 + 𝑌𝑌 = −𝐴𝐴 + −𝐵𝐵 = 𝐴̅𝐴 + 1 2 + �𝐵𝐵 + 1 2 = 2𝑛𝑛 − 𝐴𝐴 2 + 2𝑛𝑛 − 𝐵𝐵 2 =

2𝑛𝑛 − 𝐴𝐴 + 𝐵𝐵 + 2𝑛𝑛 = 2𝑛𝑛 + (𝐴𝐴 + 𝐵𝐵) + 1
𝐴𝐴 + 𝐵𝐵 + 1 = − 𝐴𝐴 + 𝐵𝐵 = 𝑋𝑋 + 𝑌𝑌 should be removed (just by dropping 1 in the (n+1)-th position).

Value Value Representation Representation Rearrangement
in unsigned



Addition (Two’s Complement)
o Summary (add 𝑋𝑋 and 𝑌𝑌)

o Example

𝑿𝑿,𝒀𝒀 > 𝟎𝟎 𝑿𝑿 > 𝟎𝟎,𝒀𝒀 < 𝟎𝟎 (𝑿𝑿 > 𝒀𝒀 ) 𝑿𝑿 > 𝟎𝟎,𝒀𝒀 < 𝟎𝟎 (𝑿𝑿 < 𝒀𝒀 ) 𝑿𝑿,𝒀𝒀 < 𝟎𝟎

How to add 𝑋𝑋 2 + 𝑌𝑌 2

Overflow/underflow Overflow No No Underflow

0100
+0010

0110

0100
+0110

1010
overflow

4
+ 2
= 6

4
+ 6
= −2

0100
+1101

0001

0111
+1110

0101

4
− 3
= 1

7
−2

= 5

0100
+1001

1101

0010
+1100

1110

4
− 7

= −3

2
−4

= −2

1100
+1101

1001

1011
+1101

1000

−4
−3

= −7

−5
−3

= −8

underflow

1011
+1100

0111

−5
−4

= 7



Shifting in the Binary Number System
o Shift vs. Rotate

o Left vs. Right

o Logical vs. Arithmetic

⋯

Shift operation (left) Rotate operation (left)

⋯

⋯

Shift operation (right) Rotate operation (right)

⋯

⋯

Shift left logical

Lost

Lost

Fill

Fill

0 ⋯

Shift left arithmetic

0
or
1

⋯

Shift right logical

0 ⋯

Shift right arithmetic

0
or
1



Shifting in the Binary Number System
o Shift left logical (by 1 bit, filled with 0’s)
 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥2𝑥𝑥1𝑥𝑥0 2

 𝑌𝑌 = 𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥00 2

 Unsigned
• 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 � 2𝑛𝑛−1 + ⋯+ 𝑥𝑥2 � 22 + 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20

• 𝑌𝑌 = 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−1 + ⋯+ 𝑥𝑥1 � 22 + 𝑥𝑥0 � 21 + 0 � 20

= 2 � 𝑥𝑥𝑛𝑛−2 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20

• 𝑌𝑌 = 2 � 𝑋𝑋 − 𝑥𝑥𝑛𝑛−1 � 2𝑛𝑛−1 = 2𝑋𝑋 − 𝑥𝑥𝑛𝑛−1 � 2𝑛𝑛

 Sign-and-magnitude
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 00 (𝑋𝑋 > 0), 𝑌𝑌 = 2𝑋𝑋
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 01 (𝑋𝑋 > 0), 𝑌𝑌 = − 2𝑋𝑋 − 2𝑛𝑛−1

• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 10 (𝑋𝑋 < 0), 𝑌𝑌 = −2𝑋𝑋
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 11 (𝑋𝑋 < 0), 𝑌𝑌 = 2𝑋𝑋 + 2𝑛𝑛−1

1) 𝑋𝑋 = (00111)2= 7
𝑌𝑌 = 01110 2 = 14 = 2 � 7

2) 𝑋𝑋 = (01011)2= 11
𝑌𝑌 = 10110 2 = −6

= − 2 � 11 − 24
3) 𝑋𝑋 = (10110)2= −6
𝑌𝑌 = 01100 2 = 12 = −2 � 6

4) 𝑋𝑋 = (11011)2= −11
𝑌𝑌 = 10110 2 = −6

= 2 � −11 + 24
𝑋𝑋 = (11101)2= −13
𝑌𝑌 = 11010 2 = −10

= 2 � −13 + 24

Example (𝑛𝑛 = 5)



Shifting in the Binary Number System
o Shift left logical (by 1 bit, filled with 0’s): × 2 in general
 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥2𝑥𝑥1𝑥𝑥0 2

 𝑌𝑌 = 𝑥𝑥𝑛𝑛−2 ⋯𝑥𝑥1𝑥𝑥00 2

 1’s complement
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 00 (𝑋𝑋 > 0), 𝑌𝑌 = 2𝑋𝑋
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 01 (𝑋𝑋 > 0), 𝑌𝑌 = 2𝑋𝑋 + 1 − 2𝑛𝑛

• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 10 (𝑋𝑋 < 0), 𝑌𝑌 = 2𝑋𝑋 − 2 + 2𝑛𝑛

• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 11 (𝑋𝑋 < 0), 𝑌𝑌 = 2𝑋𝑋 − 1

 2’s complement
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 00 (𝑋𝑋 > 0), 𝑌𝑌 = 2𝑋𝑋
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 01 (𝑋𝑋 > 0), 𝑌𝑌 = 2𝑋𝑋 − 2𝑛𝑛 = 2𝑋𝑋 (mod 2𝑛𝑛)
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 10 (𝑋𝑋 < 0), 𝑌𝑌 = 2𝑋𝑋 + 2𝑛𝑛 = 2𝑋𝑋 (mod 2𝑛𝑛)
• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 11 (𝑋𝑋 < 0), 𝑌𝑌 = 2𝑋𝑋

2) 𝑋𝑋 = (01011)2= 11
𝑌𝑌 = 10110 2 = −9
= 2 � 11 + 1 − 25

3) 𝑋𝑋 = (10110)2= −9
𝑌𝑌 = 01100 2 = 12

= 2 � −9 − 2 + 25
4) 𝑋𝑋 = (11011)2= −4
𝑌𝑌 = 10110 2 = −9

= 2 � −4 − 1
𝑋𝑋 = (11101)2= −2
𝑌𝑌 = 11010 2 = −5

= 2 � −2 − 1

Example (𝑛𝑛 = 5) for 1’s complement



Shifting in the Binary Number System
o Shift right logical (by 1 bit, filled with 0’s)
 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥2𝑥𝑥1𝑥𝑥0 2

 𝑌𝑌 = 0𝑥𝑥𝑛𝑛−1 ⋯𝑥𝑥2𝑥𝑥1 2

 Unsigned
• 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 � 2𝑛𝑛−1 + ⋯+ 𝑥𝑥2 � 22 + 𝑥𝑥1 � 21 + 𝑥𝑥0 � 20

• 𝑌𝑌 = 𝑥𝑥𝑛𝑛−1 � 2𝑛𝑛−2 + ⋯+ 𝑥𝑥3 � 22 + 𝑥𝑥2 � 21 + 𝑥𝑥1 � 20

– If 𝑥𝑥0 = 0, 𝑌𝑌 = 𝑋𝑋
2

– If 𝑥𝑥0 = 1, 𝑌𝑌 = 𝑋𝑋−1
2

– Merge: 𝑌𝑌 = 𝑋𝑋
2

or 𝑌𝑌 = 𝑋𝑋−𝑥𝑥0
2

 Sign-and-magnitude
• If 𝑥𝑥𝑛𝑛−1 = 0 (𝑋𝑋 > 0), 𝑌𝑌 = 𝑋𝑋

2

• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 10 (𝑋𝑋 < 0), 𝑌𝑌 = 𝑥𝑥𝑛𝑛−2 − 𝑋𝑋
2

• If 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 = 11 (𝑋𝑋 < 0), 𝑌𝑌 = 2𝑋𝑋 + 2𝑛𝑛−1

1) 𝑋𝑋 = (00111)2= 7
𝑌𝑌 = 01110 2 = 14 = 2 � 7

2) 𝑋𝑋 = (01011)2= 11
𝑌𝑌 = 10110 2 = −6

= − 2 � 11 − 24
3) 𝑋𝑋 = (10110)2= −6
𝑌𝑌 = 01100 2 = 12 = −2 � 6

4) 𝑋𝑋 = (11011)2= −11
𝑌𝑌 = 10110 2 = −6

= 2 � −11 + 24
𝑋𝑋 = (11101)2= −13
𝑌𝑌 = 11010 2 = −10

= 2 � −13 + 24

Example (𝑛𝑛 = 5)



Extension
o Input: 𝑛𝑛-bit data 𝑋𝑋
o Output: (𝑛𝑛 + 𝑘𝑘)-bit data 𝑌𝑌 (𝑘𝑘 > 0) with 𝑌𝑌 = 𝑋𝑋
o Usage
 int a = 8; (suppose “int” is a 32-bit data)
 long b = -25; (suppose “long” is a 64-bit data)
 long s = a + b (we should extent “a” to 64-bit)

o Sign & Magnitude
 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
 If 𝑥𝑥𝑛𝑛−1 is 0 (i.e., 𝑋𝑋 is positive), 𝑌𝑌 = 00 … 0𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0

 If 𝑥𝑥𝑛𝑛−1 is 1 (i.e., 𝑋𝑋 is negative), 𝑌𝑌 = 𝑥𝑥𝑛𝑛−10 … 00𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0

 𝑌𝑌 = 𝑥𝑥𝑛𝑛−10 … 00𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0

𝑘𝑘 bits

𝑘𝑘 bits

𝑘𝑘 bits



Extension
o One’s complement
 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
 If 𝑥𝑥𝑛𝑛−1 is 0 (i.e., 𝑋𝑋 is positive), 𝑌𝑌 = 00 … 0𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0

 If 𝑥𝑥𝑛𝑛−1 is 1 (i.e., 𝑋𝑋 is negative)
• 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0
• 𝑌𝑌 = 𝑦𝑦(𝑛𝑛+𝑘𝑘−1) …𝑦𝑦1𝑦𝑦0 = 0 … 0𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0 → 𝑦𝑦(𝑛𝑛+𝑘𝑘−1) = 1, … ,𝑦𝑦𝑛𝑛 = 1,𝑦𝑦𝑛𝑛−1 =
𝑥𝑥𝑛𝑛−1, … ,𝑦𝑦0 = 𝑥𝑥0

• Thus, 𝑌𝑌 = 11 … 1𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0

 𝑌𝑌 = 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−1 … 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0

𝑘𝑘 bits

𝑘𝑘 bits

𝑘𝑘 bits



Extension
o Two’s complement
 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0
 If 𝑥𝑥𝑛𝑛−1 is 0 (i.e., 𝑋𝑋 is positive), 𝑌𝑌 = 00 … 0𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−2 … 𝑥𝑥1𝑥𝑥0

 If 𝑥𝑥𝑛𝑛−1 is 1 (i.e., 𝑋𝑋 is negative)
• 𝑋𝑋 = 𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0 + 1
• 𝑌𝑌 = 𝑦𝑦(𝑛𝑛+𝑘𝑘−1) …𝑦𝑦1𝑦𝑦0 + 1 = 0 … 0𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0 + 1 → 𝑦𝑦(𝑛𝑛+𝑘𝑘−1) = 1, … ,𝑦𝑦𝑛𝑛 =

1,𝑦𝑦𝑛𝑛−1 = 𝑥𝑥𝑛𝑛−1, … ,𝑦𝑦0 = 𝑥𝑥0
• Thus, 𝑌𝑌 = 11 … 1𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0

 𝑌𝑌 = 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−1 … 𝑥𝑥𝑛𝑛−1𝑥𝑥𝑛𝑛−1 … 𝑥𝑥1𝑥𝑥0

𝑘𝑘 bits

𝑘𝑘 bits

𝑘𝑘 bits
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