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Electromagnetic Detection of Buried Dielectric 
Targets 

John Schneider, John Brew, Member, IEEE, and Irene C. Peden, Lij2 Fellow, IEEE 

Abstrucf-Scattering from subsurface objects is studied using 
the T-matrix method. The scatterer is represented as a dielec- 
tric ellipsoid and the source is assumed to be an electric dipole 
in a borehole. This approach easily accommodates rotations of 
the scatterer relative to the source and also permits relaxation 
of the two-dimensional constraint inherent in some models. In 
addition, it provides a new framework from which a large num- 
ber of subsurface scattering problems can be studied. 

To illustrate how this approach can be applied, the fields 
scattered from highly eccentric ellipsoids are found. These el- 
lipsoids, which are presented as an approximation to cylindri- 
cal tunnels, are nonaxially symmetric. Results demonstrate the 
importance of using nonaxially symmetric scatterers rather 
than those that are axially symmetric. In addition, polarization 
results demonstrate that a method based on the polarization of 
the scattered field may provide a more robust diagnostic of 
scatterer location than methods using only a single field com- 
ponent. 

An experiment based on a scale model of a subsurface tunnel 
is described. Results from the analytic model compare favor- 
ably with those obtained from the experiment. Results from the 
analytic model are also compared to those from a previously 
reported two-dimensional theory. 

I. INTRODUCTION 
ECENTLY, there has been much interest in  subsur- R face exploration at sites where boreholes are present 

[ 11, [2]. A cross-borehole technique has been used suc- 
cessfully at such sites to locate tunnels surrounded by hard 
rock (e.g., [3]). However, to date no satisfactory theo- 
retical model exists that can fully accommodate the vari- 
ety of situations found in the actual field environment. 
This paper presents a technique for studying subsurface 
scattering utilizing the T-matrix method; this technique is 
a more general approach than many previously reported. 
An arbitrary orientation of the source relative to the scat- 
terer is allowed, an electric dipole is formulated as the 
source, and the scatterer is approximated as an ellipsoid. 
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The air-ground interface is assumed to be sufficiently dis- 
tant from the scatterer so that it can be neglected. 

Several authors have reported using the T-matrix to 
study the fields scattered from axially symmetric objects 
both in free space and in the earth [4]-[12]. The T-matrix 
method has much simpler solutions for axially symmetric 
objects than for nonaxially symmetric objects. However, 
it has been shown that for scatterers in free space, even 
slight asymmetries in the scattering object can have a large 
effect on the scattered field when the object is in the res- 
onance region [ 131. This fact motivated the choice of an 
ellipsoid, which in general does not have axial symmetry, 
to model the subsurface scatterer. As will be shown, re- 
moval of the axially symmetric constraint makes a signif- 
icant difference for certain exploration problems. 

Many antennas used for down-hole exploration have a 
radiation pattem similar to that of an electric dipole. Thus 
in the model an electric dipole is used as the source. 

The next section provides an outline of the T-matrix 
method and discusses its use in the current formulation. 
Section I11 examines the field scattered from a highly ec- 
centric ellipsoid. The parameters are chosen so the ellip- 
soid can approximate an air-filled tunnel in hard rock. The 
use of a nonaxially symmetric scatterer is shown to be 
significant. In Section IV,  the scale model used to validate 
the theoretical model is discussed. Also, using parameters 
consistent with those for the scale model, results from the 
analytic model are compared to those of a previously re- 
ported two-dimensional model. Concluding remarks are 
given in Section V.  

11. THE T-MATRIX METHOD 
The T-matrix method was originally formulated by 

Waterman [ 141 to solve for the fields scattered from a per- 
fectly conducting object of finite size. The method was 
later extended to dielectric scatterers [4], [ 5 ] .  The 
T-matrix method was further extended by Kristensson and 
Strom [lo], [ 1 I ]  to solve geophysical problems in which 
the air-ground interface or stratifications in the subsur- 
face medium make significant contributions. In this study 
the air-ground interface and any stratifications are consid- 
ered to be sufficiently distant from the scatterer so that the 
extensions provided by Kristensson and Strom are not 
necessary. The T-matrix method is primarily used in the 
resonance region, where approximate theories no longer 
pertain. 
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The T-matrix method is formulated using the dyadic 
Green's function together with the vector wave equation 
and the vector Green's theorem to obtain an integral equa- 
tion that expresses the total electric field in terms of the 
incident field and the fields on the surface of the scattering 
object : 

E l ( ? ! )  . a' + s dSr i (7 )  . ((V x E )  x (E" * ii) 

+ E x v x (E" ii)) 

where E is the total electric field, E' is the incident elec- 
tric field, Go is the dyadic Green's function in the host 
medium, a' is an arbitrary vector, T r  is the observation 
point, ri is the outward unit normal vector, Vo is exterior 
to the scatterer, and V ,  is interior. The integral is taken 
over the surface S of the object (see Fig. 1 ) .  If the obser- 
vation point is in Vo, then the right-hand side of ( I )  is the 
total electric field. For an observation point in VI the right- 
hand side is zero and thus the surface integral can be iden- 
tified as the negative of the incident field. By making use 
of Maxwell's equations and dropping the arbitrary vector 
2,  one obtains an expression for the scattered field (the 
difference of the total field and incident field) and the in- 
cident field in terms of the surface integral. Thus, ( 1 )  
yields: 

" 
E" = dS (iwpri x H Eo + vi x E . V x E,) - I, 

(3) 

where E' is the scattered field. The incident field and the 
dyadic Green's function are known, while the surface 
fields and the scattered field are unknown. The remaining 
steps in the formulation of the T-matrix method can now 
be summarized as follows: (3) is used to solve for the 
unkno-wn surface 5elds. Once known, the surface fields, 
ri x H a n d  ri X E ,  are then used in (2) to solve for the 
scattered field. To accomplish this, (2) and (3) are re- 
written with all the fields plus the dyadic Green's function 
expanded in a series of vector spherical harmonics [ 151, 
where the appropriate representation is dependent on the 
location of the observation point. Next, the order of in- 
tegration and summation is interchanged, rendering two 
matrix equations from which the surface fields can be 
eliminated. A matrix, known as the transition or T-matrix, 
is then obtained which directly relates the incident field 
to the scattered field. The details involved in carrying out 
this operation can be found in [4]. The formulation for an 
ellipsoidal scatterer is presented in [ 131. 

2 r" 
\ I  n 

Fig. I .  Representation o i  the scatterer and the associated quantitieh used 
in the formulation of thc T-matrix method. The surface of the scatterer is 
S, V ,  is interior to the scatterer. V(, is exterior. 7 '  is the observation point. 
7 is a point o n  S, and R is thc su r fxc  normal vector. 

With the T-matrix method, angular variations of the 
source relative to the scatterer are available through the 
use of a relatively simple rotation operator. Therefore, the 
T-matrix can initially be calculated in  the coordinate sys- 
tem natural to the scatterer and rotations realized through 
the use of this operator. The equations needed to calculate 
this rotation operator are given in Appendix A. 

For the model developed in this study, dipole illumi- 
nation is assumed. The needed basis function expansion 
for a dipole source is obtained by first assuming that the 
dipole source exist: at the origin. This yields an incident 
field given by the No,  vector spherical harmonic. The di- 
pole is then translated to its actual location via the trans- 
lation addition theorem for vector spherical harmonics 
[ 171. The equations needed to express the incident field 
in an appropriate expansion are given in Appendix B. The 
incident field is then multiplied by the T-matrix to obtain 
the scattered field. The sum of the incident and scattered 
field yields the total field. 

The cross section of an ellipsoid can only approximate 
the cross section of a tunnel that might be found in prac- 
tice. However, unlike axially symmetric scatterers, an el- 
lipsoid has a preferred scattering direction and is, there- 
fore, believed to serve as a useful general model. The 
effects of features in the cross section of the tunnel, such 
as sharp corners and rough edges, are filtered by the sur- 
rounding medium. 

An ellipsoid does not, in general, have axial symmetry 
and yet it possesses a symmetry that can be exploited in 
the calculation of the elements of the T-matrix [4]. This 
symmetry permits the creation of a computationally effi- 
cient code and was utilized in the development of the code 
needed for this study [13]. Nevertheless, a computational 
cost, which must be justified, is incurred by choosing an 
object lacking rotational symmetry. The results presented 
in the following section provide this justification. 

111. SCATTERING FROM ELLIPSOIDS 
Lytle er al. [3] reported success in using a cross-bore- 

hole electromagnetic technique to pinpoint the location of 
tunnels in hard rock to within several centimeters of the 
surveyed location. The tunnels had cross-sectional dimen- 
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sions on the order of 2 m and were shaped approximately 
like the domed tunnel shown in Fig. 2. To determine the 
tunnel location, Lytle et al. employed continuous wave 
VHF signals (30 to 300 MHz), vertical electric dipole an- 
tennas, and a number of borehole loggings. The received 
signal, which was approximately the vertical component 
of the electric field, provided the diagnostic for the tunnel 
location. Several “ideal” features existed in the test cases 
of [ 3 ]  that cannot be assumed to exist in the general field 
environment; e.g., vertical alignment of the boreholes and 
a tunnel axis perpendicular to the plane of the boreholes. 
However, the initial success of this cross-borehole prob- 
ing provides motivation for the development of a more 
general theoretical framework from which to investigate 
this problem. 

In this section the field scattered from a highly eccentric 
ellipsoid is found. The constitutive parameters and di- 
mensions are chosen so that this ellipsoid can be used to 
approximate the infinitely long, cylindrical, air-filled tun- 
nel surrounded by hard rock used in [ 3 ] .  The frequency 
of illumination is assumed to be in the VHF range, 
throughout which the host medium is assumed to have a 
relative permittivity E ,  of 9, a conductivity U of 0.002 
S/m,  and a relative permeability pr of 1 .  It is assumed 
that boreholes are present in  the vicinity of a scatterer so 
deeply buried that the air-ground interface can be ne- 
glected. Fig. 3 shows a cross-sectional view of the as- 
sumed geometry. Finally, it is assumed that the transmit- 
ter and receiver are moved along the boreholes at the same 
depth and rate. In practice, for a given logging, constant 
offsets in the depths of the two antennas can be main- 
tained. 

Fig. 2 gives diagrammatical views of a segment of a 
realistic tunnel shape and an ellipsoid used to model it. 
Although the ellipsoid is of finite extent, making it suffi- 
ciently eccentric provides a good approximation to the true 
tunnel cross section over a fairly large region. Attenuation 
in the host medium furtherjustifies the use of an ellipsoid. 
By accurately approximating the tunnel in the vicinity of 
the transmitter borehole, a close approximation to the 
true scattered field can be obtained. 

The field scattered from an air-filled ellipsoid 6.6-m 
long, 2.2-m high, and 1.82-m wide serves to demonstrate 
the need for a nonaxially symmetric scatterer. The dia- 
grammatical view of this ellipsoid is drawn to scale in  
Fig. 2(b). Its volume is equal to that of a spheroid with 
the same length and a diameter of 2 m. The ellipsoid di- 
mensions reflect a 10% increase in the “height” and a 
10% decrease in the “width” of the spheroid, so its cross 
section is nearly circular, although its length-to-width ra- 
tio is over 3.6 to 1. 

The solid curve of Fig. 4 shows the vertical component 
of the scattered field as a function of the elevation of the 
transmitter and receiver relative to the center of the el- 
lipsoid. The frequency used, 60 MHz, corresponds to that 
of a previous study [ 3 ] ;  it also represents a significant 
component of the signal used in some time-domain detec- 
tion schemes [ 181. The results for four different rotation 
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Fig. 2. Diagrammatical representation of a realistic tunnel and a corre- 
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sponding ellipsoidal model.  
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Fig. 3.  Cross-sectional representation of the scatterer and borehole ge-  
ometry 
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Fig. 4 .  Vertical component of the scattered field versus elevation relative 
to the center of‘ the scatterer. Results are lor an ellipsoidal scatterer with 
axial rotations of 0”. 30”. 60” .  and 90”. The frequency used is 60 MHz.  
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Fig. 5 .  Cross-sectional view of transmitter and receiver boreholes. and the 
ellipsoid with 30" axial rotation. All dimensions are in meters. 

angles of the scatterer about the longitudinal axis (roll) 
are shown in Fig. 4, while Fig. 5 provides a cross-sec- 
tional view of the ellipsoid for an axial rotation of 30" 
and indicates the dimensions assumed. The rotation car- 
ries the top of the ellipsoid away from the transmitter. 

Apart from differences in  magnitude, the result ob- 
tained from the unrotated ellipsoid is nearly identical to 
that obtained by replacing the ellipsoid with a spheroid of 
the same volume. However, the scattered field of a spher- 
oid remains the same under axial rotations. It is clear from 
Fig. 4 that this difference is significant. Therefore, mod- 
eling a scatterer lacking axial symmetry by an axially 
symmetric object can lead to erroneous results. 

The results shown in Fig. 4 might be explained in part 
by the induction in the scatterer of a dipole perpendicular 
to its longitudinal axis. This induced dipole would tend 
to align with the preferred scattering direction of the ellip- 
soid and would account for the downward shift of the peak 
in the scattered field seen for the 30" and 60" rotations. 
The 0" and 90" rotations are similar, in that both produce 
scattered fields that are symmetric about the location of 
the center of the ellipsoid. 

In practice, boreholes can have as much as 30" of drift 
from vertical. When the air-ground interface is ignored, 
this drift can be viewed as a rotation of the scatterer rel- 
ative to the source. Thus it is important to consider the 
30" axial rotation results. They have a significant effect 
on the scattered field over a large range of borehole sep- 
arations, even though this effect tends to diminish with 
increased separation or lower frequencies. 

Rotations of the longitudinal axis of the scatterer about 
the other two axes of freedom-either horizontally away 
from the perpendicular to the plane containing the bore- 
holes (yaw) or vertically (pitch)-also have an effect on 
the scattered field and can represent other possibilities for 
borehole drift. Physically, a dipole induced within the 

v) 
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Elevation [m] 
Fig. 6 .  Horizontal component of the scattered field versus elevation rela- 
tive to the center of the scatterer. Results are for an ellipsoidal scatterer 
with axial rotations of 0". 30". 60". and 90". 

scatterer accounts for some of the changes observed in the 
field scattered from objects with rotations of yaw or pitch. 
Although the effects of these two rotations are not as 
marked as those associated with roll, they cannot be ig- 
nored. In practice, any of these rotations can be present 
to some degree and the sum of their effects can have a 
large impact on the received field. The capability of this 
three-dimensional model to account for them is one of its 
important features. 

With the T-matrix method the polarization of the scat- 
tered field can easily be determined. Fig. 6 shows the cal- 
culated magnitude of the horizontal component of the 
scattered field in the receiver borehole. Figs. 4 and 6 are 
plotted so that 0 dB corresponds to the maximum mea- 
sured vertical component for the unrotated ellipsoid. The 
horizontal and vertical components of the scattered fields 
for the ellipsoids are asymmetric for 30" and 60" rota- 
tions. However, the rotations do not affect the position of 
the nul l  in the horizontal field. Therefore, the horizontal 
component, together with the vertical component of the 
scattered field, can be used for a more robust detection 
scheme than those which examine only the vertical com- 
ponent. 

IV. SCALE MODEL 
To provide validation for the analytical model, a labo- 

ratory scale model was constructed as described below. 
The experimental setup is shown in Fig. 7. A circular alu- 
minum tank 135-cm in diameter and 90-cm in height was 
lined with microwave absorber and filled with a mixture 
of 93% alumina powder and 7% potting soil. A hollow 
cylindrical tube of cardboard with an outer diameter of 
8.5-cm defined the void representing the tunnel. The 
boreholes, symmetrically placed 17 cm on either side of 
the tunnel, were defined by PVC tubes. Sleeve dipole an- 
tennas were used for both the transmitter and receiver; 
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Fig. 7.  Cross-borehole scattering experiment setup. 
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their measured radiation patterns were close to that of an 
infinitesimal electric dipole antenna. Cross-borehole field 
patterns were measured on an HP 8510B network ana- 
lyzer. A personal computer was used to control both the 
positioning of the probes by means of a stepping motor 
and data acquisition through the network analyzer; it was 
also used for the archiving and manipulation of data. All 
measurements were made in the frequency domain and 
were done over the frequency range 2 to 4 GHz. 

The constitutive parameters of the scale model were E , .  

= 3 . 2 ,  o = 0.017 S/m,  and p, = 1. These parameters 
were used in the analytical model and assumed to be con- 
stant over the 2 to 4 GHz range. 

Fig. 8(a) and (b) shows a comparison of the analytic 
and scale model results for the received power at two dif- 
ferent frequencies. The received power was measured at 
a depth corresponding to that of the transmitter, covering 
a range from approximately - 8 to + 8 cm. Since the card- 
board tube defining the tunnel shape had a circular cross 
section, a spheroid was used in the analytical model. This 
spheroid had a length of 26.5-cm and a diameter of 8.5 
cm. In these figures the dash-dot line represents the cal- 
culated result, and the experimental result is shown as a 
solid line. At both frequencies the two curves have ap- 
proximately the same shape. Time domain measurements 
indicated that the walls of the tank were not completely 
masked by the microwave absorbing material. Addition- 
ally, a series of range calibration measurements showed 
that a standing wave was present in the tank when CW 
illumination was used. However, practical considerations 
in the construction of the experiment restricted the size of 
the tank and scatterer, the frequency of illumination, and 
the constitutive parameters of the medium. These restric- 
tions limited the degree to which effects of the tank walls 
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Fig. 8. Comparison of results from the analytic and scale models at two 
different frequencies. Plots show the vertical component of the received 
field versus elevation. (a) 2.64 GHz. (b) 2.69 GHz. 

could be reduced. These effects account for most of the 
discrepancies between theoretical and experimental re- 
sults. 

Fig. 8(a) and (b) also shows the results for a two-di- 
mensional approach [ 191. These results change relatively 
little with frequency. The T-matrix method is seen to pre- 
dict the received power about as well as the two-dimen- 
sional approach. Results from the two-dimensional theory 
and the T-matrix method have been compared over a larger 
range of elevations than shown in Fig. 8 and over many 
different frequencies. These comparisons demonstrate that 
both the two-dimensional and T-matrix three-dimensional 
models provide similar diagnostic information, with the 
latter additionally able to accommodate situations in which 
the angular relationship between borehole and tunnel ori- 
entation varies. 
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V.  CONCLUSIONS 
In this study the T-matrix method was used to deter- 

mine the field scattered from an ellipsoid illuminated by 
an electric dipole in a lossy host medium. The T-matrix 
method is a three-dimensional technique and, unlike two- 
dimensional approaches, can predict changes in the field 
due to arbitrary rotations of the scatterer. In addition, the 
dipole source provides an accurate representation of the 
transmitting antenna often used in down-hole exploration. 
These two features enable the study of the field scattered 
from a subsurface target in the presence of boreholes. 

The results presented indicate the importance of the use 
of a nonaxially symmetric scatterer to represent asym- 
metric targets. The field scattered from an axially sym- 
metric scatterer such as a spheroid does not change with 
axial rotation of the scatterer; for parallel boreholes, it is 
always symmetric relative to the center of the scatterer. 
However, the vertical component of the electric field scat- 
tered from a nonaxially symmetric scatterer such as an 
ellipsoid becomes asymmetric as the scatterer is rotated, 
and the maximum field strength shifts away from the cen- 
ter of the scatterer. In addition, polarization studies show 
that the horizontal component of the scattered field is in- 
sensitive to either borehole drift or axial rotations of the 
scatterer. 

The T-matrix results were compared to those from a 
laboratory scale-model experiment of a subsurface tunnel. 
They were also compared with those from a more con- 
ventional two-dimensional approach. The T-matrix re- 
sults compared favorably with those of the scale model 
while providing all the diagnostic capabilities of the two- 
dimensional approach. 

APPENDIX A 
To determine the rotation operator, vector spherical 

harmonics in the coordinate system natural to the scatterer 
must be related to those in the principal frame of refer- 
ence. Let an Eularian rotation of CY, 0, y transform the 
primed coordinate system, which is natural to the scat- 
terer, into the unprimed coordinate system, which corre- 
sponds to the principal frame of reference. Then, using 
the notation of Tsang et al. [ 161 and the work of Edmonds 
[ 171, a relationship between the spherical harmonics Y;; 
can be expressed in terms of the rotation group represen- 
tation DrA(a0-y). This relationship is given by: 

n 

where 

[(n + m ) !  (n  - m ) !  (n  + p)! (n - p)!] 
a! (m  + p + a) !  (n  - m - a)! (n  - p - a)! 

d::jl = c 

and 

The limits of the a summation in (6) are such that all the 
factorials are non-negative. Using (4) and the orthogo- 
nality relation, 

where 6,, is the Kronecker delta, the fimn vector spherical 
harmonics in  the two coordinate systems are related by: 

(9) 
n 

+ 

Similar expressions relate the M,, harmonics. Using a 
double bar to indicate a matrix, &e T-matrix calculated in 
the primed coordinate system T' can be related to the 
T-matrix in the principal frame T by: 

- _- - - __  - 
T = D T ' D - '  (12) 

where 

The elements of D are given by: 

where m and n,  the subscripts associated with one set of 
vector spherical harmonics, are mapped into the row num- 
ber by r = n(n  + 1) + m, and p and v ,  the other set of 
subscripts, are mappedinto a column number by c = v(v 
+ 1 )  + p. The matrix E - '  is the inverse of and is given 
by : 

where the elements of 5-l are given by 
- 

(16) (a,-'),,,, = 6nu9;;(n)(CYwy). 
- 

For a given scattering object, the T'  need only be calcu- 
lated once. For every rotation, both E and E - '  have to 
be recalculated. However, the elements of these matrices 
are seen to consist of a simple product of trigonometric 
functions and complex exponents and can be calculated 
quite readily. 
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APPENDIX B 

In order to derive the vector spherical harmonic expan- 
sion for an electric dipole which is not at tbe origin, con- 
sider the translation addition theorem for NOl, which is a 
speqal case of the general translation addition theorem 
for Nmn. The translation addition theorem gives a relation- 
ship between the vector spherical harmonics in one co- 
ordinate system to those of another coordinate system 
[17]. Let the three vectors 7, 7’”, and form a triangle 
such that: 

(17) 
+ r = 7’ + Yo. 

As shown in Fig. 9, the vectors 7 and have an origin 
of 0, while the vector 7‘ has an origin of 0‘. The vector 

points from the origin 0 to the 0’ origin. Let the dipole 
be located at the origin 0 and the T-matrix for the scat- 
terer be evaluated ugng its natural origin 0’. The vector 
spherical harmonic Nol ( k 7 ) ,  which assumes an origin 0, 
is the appropriate expression for_the fields radiated from 
a dipole. The goal is to express Nol(k7) in terms of vector 
spherical harmonics that are functions only of 7‘ and the 
constant 70. This gives the incident field expressed in 
terms of the coordinate system natural to the scatterer. 
The needed relation follows directly from the translation 
addition theorem and is given by [16]: 

m u  

sol ( k 7 )  = c c {B’”&70) z ? g i i p ” ( k 7 ’ )  

+ A’”0l (k70) R&(k7’)1 (18) 

u =  I p =  - u  

where 

r‘ 

- 

56 I 

0, DIPOLE 
Fig. 9. Relation of the vectors used in the translation addition theorem for 

vector spherical harmonics. 

* (2 - p  - p 2  + v + 2) 

(v + p  - 1)(1  - v + p )  

. (2 + v + p)]’/2 (24) 

where h, is the spherical Hankel function of the first kind. 
In these equations the terms of the form: 

represent a subset of the Wigner 3j symbols. This subset 
is relatively simple to calculate and the governing for- 
mulas for the terms are given by [17]. In (19) and (20) 
there is a summation over p .  This summation is carried 
out over all p that yield nonzero terms. Fortunately, the 
Wigner 3j symbol as given by (25) is only nonzero forj, 
- 1 r j ,  I 1 + j,, where the assumption has been made 
that j ,  L 1. This fact limits the values of p that must be 
considered in the summations for APuol  and B P v o l .  It can 
also be shown that A p v O l  is zero even when p = v. There- 
fore, for every value of p and v it is only necessary to sum 
AFuol  and BauOl over two values of p ;  namely, 

Using these expressions for a dipole specified at a lo- 
cation away from the scatterer, the vector spherical har- 
monic expansion of the incident field in the 0‘ coordinate 
system, which is natural to the scatterer, can be obtained. 
Equation (18) is used to generate the desired number of 
terms. For example, if a T-matrix with a dimension of 240 
X 240 were used in the formulation of a problem, the 
specified value of would be used in (18) and v would 
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vary from one to ten, with p varying from - v  to f v .  The 
right-hand side of ( 1  8) gives all the needed vector spher- 
ical harmonics and their coefficients in  the proper coor- 
dinate system; that is, natural to the scatterer. 
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