Chapter 11

Perfectly Matched Layer

11.1 Introduction

The perfectly matched layer (PML) is generally considered the state-of-the-art for the termination
of FDTD grids. There are some situations where specially designed ABC’s can outperform a PML,
but this is very much the exception rather than the rule. The theory behind a PML is typically perti-
nent to the continuous world. In the continuous world the PML should indeed work “perfectly” (as
its name implies) for all incident angles and for all frequencies. However, when a PML is imple-
mented in the discretized world of FDTD, there are always some imperfections (i.e., reflections)
present.

There are several different PML formulations. However, all PML’s essentially act as a lossy
material. The lossy material, or lossy layer, is used to absorb the fields traveling away from the
interior of the grid. The PML is anisotropic and constructed in such a way that there is no loss
in the direction tangential to the interface between the lossless region and the PML (actually there
can be loss in the non-PML region too, but we will ignore that fact for the moment). However, in
the PML there is always loss in the direction normal to the interface.

The PML was originally proposed by J.-P. Bérenger in 1994. In that original work he split
each field component into two separate parts. The actual field components were the sum of these
two parts but by splitting the field Bérenger could create an (non-physical) anisotropic medium
with the necessary phase velocity and conductivity to eliminate reflections at an interface between
a PML and non-PML region. Since Bérenger first paper, others have described PML’s using dif-
ferent approaches such as the complex coordinate-stretching technique put forward by Chew and
Weedon, also in 1994.

Arguably the best PML formulation today is the Convolutional-PML (CPML). CPML con-
structs the PML from an anisotropic, dispersive material. CPML does not require the fields to be
split and can be implemented in a relatively straightforward manner.

Before considering CPML,, it is instructive to first consider a simple lossy layer. Recall that a
lossy layer provided an excellent ABC for 1D grids. However, a traditional lossy layer does not
work in higher dimensions where oblique incidence is possible. We will discuss this and show how
the split-field PML fixes this problem.

TLecture notes by John Schneider. fdtd-pml . tex
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310 CHAPTER 11. PERFECTLY MATCHED LAYER

11.2 Lossy Layer, 1D

A lossy layer was previously introduced in Sec. 3.12. Here we will revisit lossy material but
initially focus of the continuous world and time-harmonic fields. For continuous, time-harmonic
fields, the governing curl equations can be written

VxH = jweE+0oE = jw (e—jg)E — jwéE, (11.1)
w
VXE = —jwuH - o,H = —juw (u—ja—m) H — —juiH, (11.2)
w

where the complex permittivity and permeability are given by

i = e—j2, (11.3)
w

- .Om

po= =7 (11.4)
w

For now, let us restrict consideration to a 1D field that is z-polarized so that the electric field is
given by
E=a.e " =a,FE. () (11.5)

where the propagation constant v is yet to be determined. Given the electric field, the magnetic
field is given by
He - VxE=—a,-F.() (11.6)
Jwp JwWp
Thus the magnetic field only has a y component, i.e., H = a,H,(z).
The characteristic impedance of the medium 7 is the ratio of the electric field to the magnetic

field (actually, in this case, the negative of that ratio). Thus,

_ E(x)  jwi
" Hy@)_ v

(11.7)

Since v has not yet been determined, we have not actually specified the characteristic impedance
yet. To determine v we use the other curl equation where we solve for the electric field in terms of
the magnetic field we just obtained:

2

1 1
E=-—VxH= .—~#6_Wéz. (11.8)
Jwe JWE Jwil

However, we already know the electric field since we started with that as a given, i.e., E =
exp(—yz)a,. Thus, in order for (11.8) to be true, we must have

72

() fie

=1, (11.9)

or, solving for v (and only keeping the positive root)

V= Jwi/ fE. (11.10)
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Because /i and € are complex, y will be complex and we write v = a+ 73 where « is the attenuation
constant and [ is the phase constant (or wavenumber).
Returning to the characteristic impedance as given in (11.7]), we can now write

(11.11)

joi__ [
€

Alternatively, we can write

(11.12)

Let us now consider a z-polarized plane wave normally incident from a lossless material to a
lossy material. There is a planar interface between the two media at = 0. The (known) incident
field is given by

. : . 1 .
E.=e¢/P"  H)=——¢ /0" (11.13)
Ui
where 31 = w./j1€1. The reflected field is given by
) I .
El =Te"*  H) = —¢P* (11.14)
U
where the only unknown is the reflection coefficient I'. The transmitted field is given by
t —Y2T t T —Y2T
E =Te ™ H =—-——e™" (11.15)
2

where the only unknown is the transmission coefficient 7'.

Both the electric field and the magnetic field are tangential to the interface at x = 0. Thus,
the boundary conditions dictate that the sum of the incident and reflected field must equal the
transmitted field at z = 0. Matching the electric fields at the interface yields

1+I'="T. (11.16)
Matching the magnetic fields yields
1 T T
= (11.17)
m Up
or, rearranging slightly,
1l—T="p (11.18)
2
Adding (11.16)) and (11.18]) and rearranging yields
2
e (11.19)
N2 + M
Plugging this back into (11.16)) yields
r—"m"n (11.20)

N2 +m
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Consider the case where the media are related by

p2 _ M g I 2 (11.21)

€2 €1 H2 €2

We will call these conditions the “matching conditions.” Under these conditions the impedances
equal:

m(1-izz)  |m(1-i%)
v) 2/ — ‘/’;ﬂ:m. (11.22)
1

772: . .
€2 <1—]w%2> €1 (1—]0%62)

When the impedances are equal, from (11.20) we see that the reflection coefficient must be zero
(and the transmission coefficient is unity). We further note that this is true independent of the
frequency.

As we have seen previously, this type of lossy layer can be implemented in an FDTD grid. To
minimize numeric artifacts it is best to gradually increase the conductivity within the lossy region.
Any field that makes it to the end of the grid will be reflected, but, because of the loss, this reflected
field can be greatly attenuated. Furthermore, as the field propagates back through the lossy region
toward the lossless region, it is further attenuated. Thus the reflected field from this lossy region
(and the termination of the grid) can be made relatively inconsequential.

11.3 Lossy Layer, 2D

Since a lossy layer works so well in 1D and is so easy to implement, it is natural to ask if it can be
used in 2D. The answer, we shall see, is that a simple lossy layer cannot be matched to the lossless
region for obliquely traveling waves.

Consider a TM? field where the incident electric field is given by

E = ae kT (11.23)
— a,eIBcos@)e—iBrsin(0)y (11.24)
= A,e IPTiPuy, (11.25)

Knowing that the angle of incidence equals the angle of reflection (owing to the required phase
matching along the interface), the reflected field is given by

E" = &, [e/ferify, (11.26)
Combining the incident and reflected field yields
E, =a, (e /7" 4+ Te/e") e 7P = 4, F... (11.27)

The magnetic field in the first medium is given by
1
H = —- V x Ey, (11.28)
JWH1
ﬁlz

_ é—x Bly (efjﬁux + Feﬁux) e*jﬁlyy + é_y
w1 Wit

(_e*jﬁux + Feﬁmz) €*j51yy. (11.29)
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The transmitted electric field is

E' = aTe ™" (11.30)
= a,Te oy, (11.31)
— aE. (11.32)

Plugging this expression into Maxwell’s equations (or, equivalently, the wave equation) ultimately
yields the constraint equation
Vow + 13y = —wliaéo. (11.33)

Owing to the boundary condition that the fields must match at the interface, the propagation in the
y direction (i.e., tangential to the boundary) must be the same in both media. Thus, 72, = jf3i,.

Plugging this into (11.33) and solving for s, yields

Vor = \/ BTy — Wia€r = Qg + B2y (11.34)

Note that when 3, = 0, i.e., there is no propagation in the y direction and the field is normally
incident on the interface, this reduces to v,, = jw+/[i2€2 which is what we had for the 1D case.
On the other hand, when o = 0, = 0 we obtain 7o, = j (w?oes — ny)l/ * where the term
in parentheses is purely real (so that ~,, will either be purely real or purely imaginary). The
transmitted magnetic field is given by

1
H = - VxE, (11.35)
JW2
_ aPwp g g (11.36)
w2 JWit2

Enforcing the boundary condition on the electric field and the y-component of the magnetic
field at x = 0 yields

14T = T, (11.37)
e g4y = 2 (11.38)
Wity Jw i
or, rearranging the second equation,
1—p =0 p (11.39)
Jh2Bie
Adding (11.37) and (11.39) and rearranging yields
JEC
T =2 (11.40)
jlz 4
Y2z le

Using this in (11.37)) yields the reflection coefficient

jﬁ _
[ =22 B (11.41)
gz 4 om
Y2z le
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The reflection coefficient will be zero only if the terms in the numerator cancel. Let us consider
these terms individually. Additionally, let us enforce a more restrictive form of the matching
conditions where now py = p1, € = € and, as before, o/e; = 0,,/119. The first term in the
numerator can be written

P A2 , (11.42)
Y2z /wQ,ugeg _ 5%,
m(1-i
= - , (11.43)
\/W2M1€1 (1 —JZz) — B
= N (11.44)
\/W2M1€1 — ﬁli
( —J w€1>
The second term in the numerator of the reflection coefficient is
Mo H (11.45)

Blz \/ w2/'Ll€1 - ﬁ%y

Clearly (11.44) and (11.45) are not equal (unless we further require that ¢ = 0, but then the lossy
layer is not lossy). Thus, for oblique incidence, the numerator of the reflection coefficient cannot
be zero and there will always be some reflection from this lossy medium.

11.4 Split-Field Perfectly Matched Layer

To obtain a perfect match between the lossless and lossy regions, Bérenger proposed a non-physical
anisotropic material known as a perfectly matched layer (PML). In a PML there is no loss in the
direction tangential to the interface but there is loss normal to the interface.

First, consider the governing equations for the components of the magnetic fields for TM?
polarization. We have

OF,
jwpnH, + OmeH, = (11.46)
ox
oF,
jopaH + oy Hy = = (11.47)
Yy

where 0,,,, and 0, are the magnetic conductivities associated not with the  and y components of
the magnetic field, but rather with propagation in the x or y direction. (Note that for 1D propagation
in the x direction the non-zero fields are H, and £, while for 1D propagation in the y direction
they are H, and F..)
For the electric field the governing equation is
0H, O0H,

jwea K, E,=——
Jwels, +0 O oy

(11.48)
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Here there is a single conductivity and no possibility to have explicitly anisotropic behavior of the
electrical conductivity. Thus, it would still be impossible to match the lossy region to the lossless
one.

Bérenger’s fix was to split the electric field into two (non-physical) components. To get the
“actual” field, we merely sum these components. Thus we write

E,.=FE,+L, (11.49)
These components are governed by
0H
Jjwes B, + 0. F,, v (11.50)
ox
0H,
jwesby + o B,y = — 5 (11.51)
Y

Note that there are now two electrical conductivities: o, and o,. If we set 0, = 0, = o and
add these two equations together, we recover the original equation (IT.48)). Further note that if
oy = Omy = 0but o, # 0 and o,,, # 0, then a wave with components H, and E,, would not
attenuate while a wave with components H, and F,, would attenuate.

Let us define the terms S,, and .S,,,,, as

Ow

Sw = 1+- (11.52)
Jwea
Sy = 1+ 2 (11.53)
JWita
where w is either z or y. We can then write the governing equations as
0H
jweaSp By = —-E (11.54)
x
, 0H,
JweaSyE,, = — 3y (11.55)
. 0
JwpaSpaH, = p (B + E.y), (11.56)
0
JwpeSmyHy = oy (B + E.y). (11.57)

Taking the partial of (IT.56) with respect to = and then substituting in the left-hand side of (I1.54))

yields
2

o)
—w? 112695 Sima Brw = 57 (B + E.). (11.58)

Taking the partial of (11.57) with respect to y and then substituting in the left-hand side of (11.55])
yields

82
—w?li9€2.8y Sy By = o (B.. + E.,). (11.59)
Adding these two expressions together after dividing by the S terms yields
1 o2 1 0?

—w? g€y (Eup + E.y) = ( ) (B + E.) (11.60)

Sn8. 022 | S5, O
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or, after rearranging and recalling that £, + E,, = E.,

1 02 1 92
(S S, 0x2 + Sy S, Oy +W2M262> E, =0. (11.61)
mx T myy

To satisfy this equation the transmitted field in the PML region would be given by

Et — Tefj\/smzsz/BQxx*j\/ Smysy/Bny (11'62)
where we must also have
B3e + B3, = W’ pizea. (11.63)
Using (11.56), the y component of the magnetic field in the PML is given by
1 OFE!
o = — - 7 11.64
VT oS On (164
Smﬁsm X
_ _VOmaSelar E, (11.65)
W,UZSm:r
X S.’E
_ & EL. (11.66)
w2 Sm:(:

As always, the tangential fields must match at the interface. Matching the electric fields again
yields (11.37). Matching the y component of the magnetic fields yields

/’Ll/BQQJ S:B
1-T= \/ T. 11.67
M?ﬁlm Smm ( )

Using this and (11.37)) to solve for the transmission and reflection coefficients yields

9b1s

T = ﬂ‘” , (11.68)
- e | Se
oV
_ B [ Su
S’IYL.’AC

r = ;2 . (11.69)
2 | Sy
Rl Vs

It is now possible to match the PML to the non-PML region so that I' is zero. We begin by

setting /1o = 11, and €, = €. Thus we have w?ji265 = w?ji1€; and

sy
E|;

sy
§|;

=
=
8

=
=

Boe = (wPoes—53)"°, (11.70)
= (WP —53)"" (11.71)

Recall that within the PML the propagation in the y direction is not given by [, but rather by
/Sy SimyPoy. Phase matching along the interface requires that

/Sy Sy By = Bry. (11.72)
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If we let Sy, = S,,,, = 1, which can be realized by setting o, = 0,,, = 0, then the phase matching
condition reduces to

Boy = Biy- (11.73)

Then, from (11.71]), we have
Bre = (WPme—p2)"7, (11.74)
= Sia (11.75)

Returning to (I1.69)), we now have

r R i (11.76)

)
Biz | Pz [ Sz
+u1

M1 sz
1— /5=

VO (11.77)
L+,/¢=

The last remaining requirement to achieve a perfect match is to have S, = S,,,. This can be
realized by having o, /€3 = 0./ 1ho.
To summarize, the complete set of matching conditions for a constant-x interface are

€2 = € (11.78)
Gy = Oy =0 (11.80)
Iz _ Ime, (11.81)
€2 1 25)

Under these conditions propagation in the PML is governed by

Jwer
= exp (——ﬁ “"x) e IPrar=ibyy (11.83)
WeEq

This shows that there is exponential decay in the x direction but otherwise the phase propagates in
exactly the same way as it does in the non-PML region.

11.5 Un-Split PML

In the previous section we had S,, and S,,,, where w € {z,y}. However, once the matching
condition has been applied, i.e., 0, /€2 = 0w/ 12, then we have S, = S,,,,. Hence we will drop
the m from the subscript. Additionally, with the understanding that we are talking about the PML
region, we will drop the subscript 2 from the material constants. We thus write

Sy =14 2w (11.84)
Jjwe



318 CHAPTER 11. PERFECTLY MATCHED LAYER

The conductivity in the PML is not dictated by underlying parameters in the physical space being
modeled. Rather, this conductivity is set so as to minimize the reflections from the termination of
the grid. In that sense o, is somewhat arbitrary. Therefore let us normalize the conductivity by the
relative permittivity that pertains at that particular location, i.e.,

/

Spy=1+

(11.85)

Jweo
where o/, = 0,,/¢,. However, since the conductivity has not yet been specified, we drop the prime

and merely write
Ow

S =14 (11.86)

JWeo

Note that there could potentially be a problem with .S, when the frequency goes to zero. In
practice, in the curl equations this term is also multiplied by w and in that sense this is not a
major problem. However, if we want to move these .S, terms around, low frequencies may cause
problems. To fix this, we add an additional factor to ensure that S, remains finite as the frequency
goes to zero.

We can further generalize S,, by allowing the leading term to take on values other than unity.
This is effectively equivalent to allowing the relative permittivity in the PML to change. The
general expression for S, we will use is

O-’UJ

Sw =Ky + ————— (11.87)

Ay + jweg

For the sake of considering 3D problems we also assume w € {z, vy, z}.
Dividing by the S terms, the governing equations for TM? polarization are

Jjwel,, = Sixa;iy, (11.88)
Jjwell,, = _Siy@;yjm’ (11.89)
JwuH, = Sixaﬁiz’ (11.90)
JwpH, = _Siyaﬁ%' (11.91)
Adding the first two equations together we obtain
Jwel, = 108, 10H, (11.92)

S, dx S, dy

(13 2

Note that in all these equations each S, term is always paired with the derivative in the “w
direction. )
Let us define a new del operator V that incorporates this pairing

\Y, éla+éla+518
*S, O YS, Oy *S, 0z

(11.93)
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Using this operator Maxwell’s curl equations become

jweE = V x H, (11.94)
—jwpH = V x E. (11.95)

Note that these equations pertain to the general 3D case. This is known as the stretch-coordinate
PML formulation since, as shown in , the complex S terms scale the various coordinate
directions. Additionally, note there is no explicit mention of split fields in these equations. If we
can find a way to implement these equations directly in the FDTD algorithm, we can avoid splitting
the fields.

From these curl equations we obtain scalar equations such as (using the z-component of

and (11.95) as examples)

1 0H 1 0H
jweb, = ——2 - Y 11.96
Jee S, 0y  S. oz (11.56)
1 0F 1 OF
jwuH, —— =4 ¥ 11.97
JOH S, 0y S, 0z ( )
Converting these to the time-domain yields
OFE. -~ OH -~ OH

T =9 2 S x—2 11.98
“ot v ¥ By * oz (11.98)

0H, - OF - OFE
T = S x4 85, x— 11.99
H o v X5, TR0 (11.99)

where “x” indicates convolution and S,, is the inverse Fourier transform of 1 /S, i.e.,
Sy =F"! 1 (11.100)
w Sw . .
The reciprocal of S, is given by
1 1 '
1 . o +JWe (11.101)
Sw  Ke + —2u Ok + Ou + JWEwEQ

QA +]'w60

This is of the form (a + jwb)/(c + jwd) and we cannot do a partial fraction expansion since the
order of the numerator and denominator are the same. Instead, we can divide the denominator into
the numerator to obtain

a+jwb b a—ct p 2
= - =- - : 11.102
c+ jwd d+c+jwd d+1+jw% ( )

Recall the following Fourier transform pairs:

1 < ), (11.103)

1 1,
& — Tu(t 11.104
1+ jwr i u(t), ( )
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where J(t) is the Dirac delta function and w(t) is the unit step function. Thus, we have

JT_'—l b+ %_g
d 1+jw%l

b d—b
= =5(t)+ %e‘c’f/du(t). (11.105)

For the problem at hand, we have a = a,,, b = ¢y, ¢ = ayky + 0y, and d = k€. Using these
values in ((11.105) yields

= 1
Sw = —0(t) — Zw exp (—t {a—w + Tw }) u(t). (11.106)
K ) €0 KRw€o
Let us define (,(t) as
Cu(t) = e exp (—t {g + Kngo}) u(t) (11.107)
so that ]
Sw = —0(t) + Cu(d). (11.108)
R

Recall that the convolution of a Dirac delta function with another function yields the original
function, i.e.,

a(t) = f(t) = f(t). (11.109)
Incorporating this fact into (IT.98)) yields
6% _ 10H, 10H,
ot Ky Oy K, Oz
+ (1) * 6 — (1) * 665 (11.110)

Note that the first line of this equation is almost the usual governing equation. The only differ-
ences are the x’s. However, these are merely real constants. In the FDTD algorithm it is trivial to
incorporate these terms in the update-equation coefficients. The second line again involves convo-
lutions. Fortunately, these convolution are rather “benign” and, as we shall see, can be calculated
efficiently using recursive convolution.

11.6 FDTD Implementation of Un-Split PML

We now wish to develop an FDTD implementation of the PML as formulated in the previous
section. We start by defining the function W,  as

0H,
\Ij%}uw = Cw (t) * 811}

qA¢

- /gw 8H th_T)dT (11.112)

(11.111)

tquz
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where E,w in the subscript indicates this function will appear in the update of the £, component
of the electric field and it is concerned with the spatial derivative in the w direction. In (I1.112) the
derivative is of the H,, component of the magnetic field where w, u, and v are such that {w, u,v} €
{z,y,z} and w # u # v.

In note that ¢, (7) is zero for 7 < 0 hence the integrand would be zero for 7 < 0.
This fixes the lower limit of integration to zero. On the other hand, we assume the fields are zero
prior to t = 0, i.e., H,(t) is zero for ¢ < 0. In the convolution the argument of the magnetic field
is ¢A; — 7. This argument will be negative when 7 > ¢A;. Thus the integrand will be zero for
T > q/\; and this fixes the upper limit of integration to gA;.

Let us assume the integration variable 7 in (11.112)) varies continuously but, since we are
considering fields in the FDTD method, H, varies discretely. We can still express /{, in terms of
a continuously varying argument ¢, but it takes on discrete values. Specifically 0H,(t)/0w can be
represented by

O, (t) g%amﬁAa

= 5o ilt) (11.113)

i=0
where p;(t) is the unit pulse function given by

1 if A <t< (it DA,
m@%={ P SE< (4 DA,

0  otherwise. (11.114)

To illustrate this further, for notational convenience let us write f(t) = 0H,(t)/0w. The stepwise
representation of this function is shown in Fig. [[T.[a). Although not necessary, as is typical with
FDTD simulations, this function is assumed to be zero for the first time-step. At ¢ = A, the
function is f; and it remains constant until ¢ = 2A,; when it changes to f,. Att = 34, the function
is f3, and so on.

The convolution contains the function f(gA;—7). At time-step zero (i.e., ¢ = 0), this is merely
f(—=7) which is illustrated in Fig.[T1.1[b). Here all the sample points f, are flipped symmetrically
about the origin. We assume that the function is constant to the right of these sample points so that
the function is f; for —A; < 7 < 0, itis fy for —2A; < 7 < —A, fsfor —3A; < 7 < —24,;, and
SO on.

Fig. [11.1}c) shows an example of f(qA; — 7) when ¢ # 0, specifically for ¢ = 4. Recall that
in (IT.TT2)) the limits of integration are from zero to ¢/A,—we do not need to concern ourselves
with 7 less than zero nor greater than gA;. As shown in Fig. [IT.T|c), the first “pulse” extending to
the right of 7 = 0 has a value of f,, the pulse extending to the right of 7 = A, has a value of f,_,
the one to the right of 7 = 2A,; has a value of f,_», and so on. Thus, this shifted function can be
written as

q—1
fladi=7) =" fomil7). (11.115)
=0

Returning to the derivative of the magnetic field, we write

Hy(¢A —7) SR oHT
O (ahi=7) _ g~ OHET (11.116)

ow — ow

where H9~" is the magnetic field at time-step ¢ —¢ and, when implemented in the FDTD algorithm,
the spatial derivative will be realized as a spatial finite difference.
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A
/1
hoofes
/3
Jo o
-5 4 -3 2-1 101 2 3 4 5 "t
(a)
A f(=1)
/1
.fs_f4 f
/3
Jo .
5 4 -3-2-1101 2 3 4 5 i
(b)
A f(4AT)
S
.fS_f4 f2
5
fo =
5 4-3-2-1101 2 3 4 5 Wi
(©)

Figure 11.1: (a) Stepwise representation of a function f(t¢). The function is a constant f; for
0<t< Ay fifor Ay <t <2, fofor2A;, <t < 3A,, and so on. (b) Stepwise representation
of a function f(—7). Here the constants f,, are flipped about the origin but the pulses still extend
for one time-step to the right of the corresponding point. Hence the function is a constant f;
for —A; < 7 <0, fo for —2A, < 7 < —A,, etc. (c) Stepwise representation of the function
f(gA; — 7) when ¢ = 4.
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At time-step ¢, Vg, 1s given by

Ho
Vhw = /Cw a—pi(T)dT (11.117)

Interchanging the order of summation and integration yields

g—1 qu ; 1h
Vow = /Cw T)pi(T (11.118)
i=0
(Z+1)At
q—1
8Hq i
= / Cw (11.119)
=0 T=1A¢

where, in going from (11.118]) to (11.119), the pulse function was used to establish the limits of
integration.
Consider the following integral

A 1 (i+1)A
— / e ldt = —e (11.120)
a iA
1A
1 . .
= — (eTalHDA _ gmaid) (11.121)
a
1
= — (e —1)e ¥ (11.122)
a
L aa —aA\?t
= —(e® -1 @ 11.123
(e ) (e7%) (11.123)
Keeping this in mind, the integration in (11.119) can be written as
(i+1)A¢ (i+1)A¢
Co(r)dr = — ‘;w / exp(—T {“_w+ Tw DdT (11.124)
Kz €0 €o Rw€o
T=1A¢ T=1A¢
= Cyu(by)' (11.125)
where
b, — exp(— {“_M Tw }At>, (11.126)
€0 Raw€o
Cp = — 2% (b, —1). (11.127)

Owhiw + K20y

Note that in (11.125) b,, is raised to the power ¢ which is an integer index. It is now possible to
express U}, | as

q—1 —i
HI™ .
VL= 88—;Cw(bw)l. (11.128)

1=0
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Let us explicitly separate the ¢« = 0 term from the rest of the summation:

OH! 2 oHe
v +Z v

vl =, —
Buw ow ow

Cu(by)". (11.129)

Replacing the index ¢ with i = i — 1 (so that i = ¢’ + 1), this becomes

oH1 L2 gpa-i-1
vy N
ow ow

1'=0

v =0l Cl (b)) (11.130)

Dropping the prime from the index and rearranging slightly yields

ow v ow

1=0

v, =Cu Cu(by)". (11.131)

Comparing the summation in this expression to the one in (TT.128)) one sees that this expression
can be written as
OH?
ow
Note that ¥, at time-step ¢ is a function of ¥ ,, at time-step ¢ — 1. Thus ¥ ,, can be updated
recursively—there is no need to store the entire history of Vg, to obtain the next value. As is
typical with FDTD, one merely needs to know ¥ ,, at the previous time step.

We now have all the pieces in place to implement a PML in the FDTD method. The algorithm
to update the electric fields is

U = Co b, W (11.132)

1. Update the Vg, ,, terms employing the recursive update equation given by (IT.132). Recall
that these W, ,, functions represent the convolutions given in the second line of (11.110).

2. Update the electric fields in the standard way. However, incorporate the x’s where appropri-
ate. Essentially one employs the update equation implied by the top line of (11.110) (where
that equation applies to £, and similar equations apply to £, and £).

3. Apply, i.e., add or subtract, U ,, to the electric field as indicated by the second line of

(11.110).

This completes the update of the electric field.

The magnetic fields are updated in a completely analogous manner. First the ¥ functions that
pertain to the magnetic fields are updated (in this case there are Wy, ,, functions that involve the
spatial derivatives of the electric fields), then the magnetic fields are updated in the usual way
(accounting for any «’s), and finally the W functions are applied to the magnetic fields (i.e., added
or subtracted).



