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Abstract. We considerpastpushdevn timed automatathat are discretepush-
down timedautomatd20] with past-formulagsenablingconditions.Using past
formulasallows a pastpushdeavn timed automatorto accesshe pastvaluesof

thefinite statevariablesn theautomatonWe prove thatthe reachability(i.e., the

setof reachableonfigurationsrom aninitial configuration)of a pastpushdavn

timedautomatorcanbeacceptedby anondeterministiceversal-boundedounter
machineaugmentedvith a pushdavn stack(i.e.,areversal-boundetNPCM). By

usingtheknown factthatthe emptinesgproblemfor reversal-boundetNPCMsis

decidablewe shav thatmodel-checkingpastpushdavn timed automataagainst
Preslurger safetypropertieson discreteclocks and stackword countsis decid-
able.An exampleASTRAL specificationis presentedo demonstrat¢he useful-
nessof theresults.

1 Intr oduction

As farasmodel-checkinds concernedthe mostsuccessfuimodelof infinite statesys-
temsthat have beeninvestigateds probablytimed automatg3]. A timed automaton
canbe consideredsa finite automatoraugmenteavith a numberof clocks.Enabling
conditionsin atimed automatorarein the form of (clock) regions a clock or the dif-
ferenceof two clocksis testedagainstanintegerconstante.g.,z — y < 8. Theregion
techniqud3] hasbeenusedto analyzeregionreachability developa numberof tempo-
ral logics[2,4-6,25,30,32,35] andmodel-checkingools[24,29,36] (see[1, 37] for
suneys).

Regionreachabilityis useful,but obviously notenough For instanceywe maywant
to know whetherclock valuessatisfyinga non-region propertyz; — z2 > x3 — x4
are reachablefor a timed automaton.Recently Comonand Jurski[12] have shovn
that, by usingaflatteningtechniquethe binary reachability(all the configurationpairs
suchthat one canreachthe other)is expressiblein the additive theory of reals.This
resultimmediatelyopensthe door for automaticverification of a classof non-region
propertiesfor timed automata.However, the flatteningtechniquedoesnot work for
a timed automatonaugmentedvith an unboundedstoragedevice (e.g.,a pushdevn
stack).The reasonis that, by flattening,the sequencef stackoperationscan not be



maintainedBy usinganautomata-theoretiechniquewe have shavn recentlythat,as
far asdiscreteclocks are concernedcheckinga classof non-reyion safetyproperties
(in the form of Preslirger formulas)againstpushdavn timed automatais decidable
[20]. The techniquecanbe further usedin investigatingPreshirger livenesdor timed
automatawith discreteclocks[19]. Dang[15] also establisheghat, by introducinga
patterntechniquetheresultin [20] canbe extendedo the caseof denseclocks.

In this paper we considera classof discretetimed systemsgalledpastpushdaevn
timedautomataln a pastpushdevn timedautomatonthe enablingconditionof atran-
sition canaccessomefinite statevariables pastvalues For instanceconsiderdiscrete
clockszy, z2 andnow (aclockthatneverresetsjndicatingthe currenttime). Suppose
thata andb aretwo Booleanvariables An enablingconditioncouldbein theform of a
pastformula:

V0 < y1 < nowd0 < yo < now((z1 —y1 < 5Aa(zy) = bly2)) = (y2 < 2+4)),
in which a(z1) andb(y2) are(past)valuesof a andb attime z; andy., respectiely.
Thus, pastpushdaevn timed automataare history dependentthat is, the currentstate
dependsipontheentirehistoryof thetransitiondeadingto the state Themainresultof
this papershavsthatthereachabilityof pastpushdevn timedautomatacanbeaccepted
by reversal-boundednulticountermachinesaugmentedvith a pushdevn stack(i.e.,
reversal-boundetlPCMs).Sincethe emptinesgroblemfor reversal-boundetiPCMs
is decidable[26], we canshawv that checkingpastpushdevn timed automataagainst
Preshirgersafetypropertieon discreteclocksandstackword countsis decidableThis
resultis not coveredby region-basedesultsfor model-checkingimed pushdevn sys-
tems[10], nor by model-checkingpushdaevn systemg9, 21].

Besidegheir own theoreticalinterest history-dependertimed systemshave prac-
tical applications.We all know that the principle that a systemspecificationcan be
broken into several loosely independenfunctional modulesgreatly easeshoth veri-
fication and designwork. The ultimate goal of modularizationis to partition a large
system,both conceptuallyand functionally, into several small modulesandto verify
eachsmallmoduleinsteadof verifying the large systemasa whole. Thatis, verify the
correctnessf eachmodulewithoutlooking atthe behaviors of theothermodules.This
ideais adoptedn areal-timespecificatiodanguageASTRAL [11], in whichamodule
(calleda process)s providedwith aninterfacesection,which is a first-orderformula
that abstractsts ervironment.lt is not unusualfor theseformulasto include complex
timing requirementghat reflect the patternsof variable changesThus, in this way,
even a history independensystemcan be specifiedasa numberof history dependent
modulegse€[7,8,11,13,16] for anumberof interestingreal-timesystemsspecifiedn
ASTRAL). Thus,theresultsin this paperhave immediateapplicationsn implementing
anASTRAL symbolicmodelchecler.

Pastformulasare not new. In fact, they canbe expressedn TPTL [6], which is
obtainedby including clock constraintgin theform of clock regions)andfreezequan-
tifiers in the Linear TemporalLogic (LTL) [31]. It hasbeenshownn [6] that validity
checkingfor TPTL (andhenceclosedpastformulas)is decidableHowever, whendense
clocks are consideredthe decidability doesnot remain[6]. Resultsin [6] showv that
discretetimed automatacan be model-checkd againstTPTL, in which explicit time
referenceso the valueof afinite statevariableareallowed.But, in this paperwe puta



pastformulainto the enablingconditionof a transitionin a generalizedimed system.
This makesit possibleto modelareal-timemachinethatis history-dependenRastfor-

mulascanbe expressedhroughS1S(seeThomag34] and Straubing[33] for details),
which canbe characterizedy Buichi (finite) automataThis fact doesnot imply (at
leastnot in anobviousway) thattimed automataaugmentedvith thesepastformulas
canbe simulatedby finite automataThe essentiateasonthat makesthe construction
presentedh this papemwork is thatclocks,whenthey progressaresynchronizedwhen
clocks(understoocscountersarenotsynchronizedandevenwhentheseclocksnever
resetsimpleclocksconstraintdike z — y > 5 (whichis a pastformula) make a timed
automatonturing [27].

This paperis organizedasfollows. We first considera simplerform of pastpush-
down timed automatacalledpastmachinesThey arefinite statemachinesaugmented
with a singleclock now andwithout the pushdaevn stack.Eachtransitionmakesnow
progresdy onetime unit. Eachenablingconditioncanreferto a finite statevariables
pastvalues.After giving a numberof basicdefinitionsin Section2, we shaw, in Sec-
tion 3, thataclosedpastformulais a Boolean-aluedprimitiverecursvefunctionovera
historystructure Usingthisresult,in Sectiord we provethatreachabilityfor apastma-
chinecanbeacceptedy areversal-boundedulticountermachine Thatis, thereach-
ability is Preslurger. In Section5 pastpushdevn timed automataare consideredby
allowing extra clock variablesin anenablingconditionandwith a pushdevn stack.By
making eachenablingconditionin a pastpushdaevn timed automatona closedpast-
formula,we shaw thatthereachabilityfor a pastpushdaevn timedautomatorcanbeac-
ceptedby areversal-boundedulticountermachineaugmentedvith a pushdevn stack.
In Section6, anexampleis givento shav theusefulnes®f theresultspresentedn this
paperIn Section7, conclusionsredravn from thiswork. In this extendedabstractthe
completeASTRAL specificationaswell assomesubstantiaproofs,in particularfor
Theorems3, 4 and6 areomitted.For a completeexpositionsee[14].

2 Preliminaries

A nondeterministienulticountermadine (NCM) is a nondeterministienachinewith

a finite setof (contrl) statesQ = {1,2,---,|Q|}, anda finite numberof counters
x1,-- -,z With integer countervalues.Eachcountercan add 1, subtractl, or stay
unchangedThesecounterassignmentsire called standad assignmentsM canalso
testwhethera counteris equalto, greaterthan, or lessthan an integer constantand
thesetestsare called standad tests To useanNCM M asa languagerecognizemwe

attacha separatene-way read-onlyinput tapeto the machineandassigna statein @@

asthefinal state.M acceptsaninputiff it canreachthefinal state.

An NCM canbeaugmentedvith a pushdevn stack.A nondeterministipushdown
multicountermadine (NPCM) M is a nondeterministianachinewith a finite set of
(contml) states@ = {1,2,---,|Q|}, a pushdavn stackwith stackalphabetl7, anda
finite numberof countersey, - - - , 2, with integercountervalues Bothassignmentand
testsin M arestandardIn addition, M canpopthetop symbolfrom the stackor push
awordin IT* onthetop of the stack.It is well-known thatcountermachineswith two
countershave undecidabléalting problem,andobviously the undecidabilityholdsfor



machinesaugmenteadvith a pushdevn stack.Thus,we have to restrictthe behaiors of
the counters One of the restrictionsis to limit the numberof reversalsa countercan
make.

A counteris n-reversal-boundedf it changesnode betweennondecreasingnd
nonincreasingt mostn times. For instancethe following sequencef a counterval-
ues:0,0,1,1,2,2,3,3,4,4,3,2,1,1,1,1, - - - demonstratesnly one counterreversal.
A counteris reversal-boundedf it is n-reversal-boundedor somen thatis indepen-
dentof the computationsWe notethata reversal-bounded/ (i.e.,eachcounterin M
is reversal-boundedjoesnot necessarilyimit the numberof movesto befinite.

Let (4,v1,- -, vk, w) denotethe configumtion of M whenit is in statej € @,
counterz; hasvaluev; € Z fori = 1,2, -- -, k, andthestringin the pushdevn stackis
w € I'™* with therightmostsymbolbeingthetop of thestack Eachintegercountervalue
v; canberepresentelly aunarystring0%: (1) whenv; positve(negative). Thus,acon-
figuration(j, v1, - - -, vk, w) canberepresente@dsa string by concatenatinghe unary
representationsf eachj,vy, - - -, v aswell asthestringw with aseparatos ¢ I". For
instance(1,2,-2,w)canbe representedy 0! #02#12#w. Similarly, an integer tuple
(v1,---,vk) canalsoberepresentetby a string. Thus,in this way, a setof configura-
tionsandasetof integertuplescanbetreatedassetsof strings,i.e.,alanguage.

Note thatthe abore definedM doesnot have aninput tape;in this caseit is used
asasystemspecificatiorratherthana languageecognizerandwe aremoreinterested
in the behaviors that M generatesWhen a nondeterministigpushdevn multicounter
machinelM is usedasa languageaecognizemwe attacha separatene-way read-only
input tapeto the machineandassigna statein  asthefinal state.M acceptsaninput
iff it canreachthefinal state WhenM is reversal-boundedheemptinesproblem(i.e.,
whetherM acceptsomeinput) is known to be decidable,

Theorem1. Theemptinesproblemfor reversal-boundedondeterministigpushdown
multicountermadineswith a one-wayinput tapeis decidable26].

An NCM canberegardedasaNPCM withoutthe pushdaevn stack.Thus,theaborvethe-
oremalsoholdsfor reversal-bounde8lCMs. We canalsogive a nice characterization.
If S is asetof n-tuplesof integers,let L(S) bethesetof stringsrepresentinghetuples
in S (asdescribedabove). It wasshavnin [26] thatif L(S) is acceptedy areversal-
boundedhondeterministienulticountermachinethen S is semilinear The corverseis
obvious.SinceS is semilineaiif andonly if it is definableby a Prestirgerformula,we
have:

Theorem 2. A setof n-tuplesof integersis definableby a Preshurger formulaiff it can
beacceptedy a reversal-boundedondeterministienulticountermadine[26].

3 PastFormulas

Let A beafinite setof finite statevariablesfor instancea boundedrangeof integers.
We usea, b - - - to denotethem.Withoutlossof generality we assuméhey areBoolean
variables All clocksarediscrete Let now bethe clock representinghe currenttime.
Let X beafinite setof integervaluedvariables Past-formulasaredefinedas



fe=a) y<nl|y<z+n|O:f[0,now]| fV f]|-f,

wherea € A, y andz arein X U {now}, z € X, andn is aninteger Intuitively, a(y)
is the variablea’s valueat time y, i.e., Past (a,y) in ASTRAL [11]. Quantification
O, f[0, now], with z # now (i.e., now cannot be quantified),meansfor all z from
0to now, f holds.An appearancef z in O, f[0, now] is calledboundedWe assume
ary z is boundedby atmostoned,. z is freein f if x is notboundedn f. f is closed
if now is the only free variable.Past-formulasareinterpretedon a history of Boolean
variables A history consistsof a sequencef booleanvaluesfor eachvariablea € A.
Thelengthof everysequencés n+1, wheren is thevalueof now. Formally, ahistory H
is apair ({||a||}aca, n), wheren € Z* is anonnaative integerrepresentinghe value
of now, andfor eacha € A, themapping||a|| : 0..n — {0, 1} givesthe Booleanvalue
of a ateachtime pointfrom0ton. Let B : X — Z* beavaluationfor variablesn X.
ThusB(z) € Z* denoteghevalueof z € X underthis valuationB. We useB(n/z)
to denotereplacingz’s valuein the valuationwith a non-neative integern. Givena
history H anda valuation B, the interpretationsof past-formulasare as follows, for
eachy,z € X U {now} andeachx € X,

|zl .5 = B(z),

[[now|| 5 = n,

laWlles <= llall(llyllz,s),

ly <nllas <= llyllas <n,

ly <z+nlles <= llylas <llzllms+n,

|0 [0, now]||ar,s <= forall k with0 <k <mn,

11| 22,8k /)

I=fllzp <= not||f|lmsz,

W1V follap <= [Ifillas or|lfzllms.

Two past-formulasf; and f, areequivalent,i.e., fi ~ fa, if, || filla,B iff || f2|| a5 fOr
all H andB. When{ is aclosedformula,we write || f|| g insteadof, for all B, || f|| &,5-
We use<,, to denote-0O,,—.

A history H givesvaluesfor eachBooleanvariablea € A at eachpasttime from
0 to n. Thus,the history canbe regardedasa sequenc®f snapshotsy, - - -, S, such
thateachsnapshogivesavaluefor eacha € A. Whennow progressefomn ton+ 1
history H is updatedo anew history H' by addinga nex snapshof,,; to history H.
This newly addedsnapshotepresentshe new valuesof a € A atthenew currenttime
n + 1. A closedpastformulamayhave differenttruth valueswheninterpretedunderH
andunderH'. Is thereany way to calculatethetruth valueof theformulaunderH’ by
usingthe new snapshotS,,; andthe truth value of the formulaunderH? If this can
be done,the truth value of the formula canbe updatedalongwith the history’s update
fromn ton + 1, withoutlooking backattheold snapshotsy, - - -, S,. Therestof this
sectionstateghatthis canbe done.Thatis, thetruth valueof eachclosedpastformula
canberecursvely computedThetechnicaldetailscanbefoundin [14].

A Booleanfunctionis amappingZ* — {0,1}. A Booleanpredicates a mapping
{0,1}™ — {0,1} for somem. We usews, - --,v|4| to denotethe Booleanfunctions
representinghe truth valueof eacha € A ateachtime point. Obviously, vy, - - -, v) 4|
canbeobtainedby extendingn to oo in ahistory Whenwy, - - -, v 4| aregiven,aclosed
pastformula canbe regardedas a Booleanfunction: the truth value of the formula at




timet is theinterpretatiorof theformulaunderthehistoryv;(0), - - -, v;(¢) for eachl <
i < |A|. Givenclosedpastformulasf, g1, - - -, gr, (for somek), we useu, uy, - - -, uy, to
denotethe Booleanfunctionsfor them,respectiely.

Theorem 3. For anyclosedpastformula f, there are closedpastformulasg , - - -, gk,
andBooleanpredicatesO, Oy, - - -, Oy, sudh that, for any givenBooleanfunctionsuvy,
-+, v|4, theBooleanfunctionsu, us, - - - , uy (definedabove)satisfy:for all ¢ in Zt,
u(t+1) =0 (t+1),--- 04+ 1),us(t), -, ux(t))
andforeachi, 1 <i <k,
ui(t +1) = Os(vi (t+ 1), --- 04 (t + 1), ur(t), - - -, ug(t)).

Thereforeu(t + 1) (the truth value of formula f attime ¢ + 1), aswell aseach
u;(t + 1), canbe recursvely calculatedby usingthe valuesof v1,---,v4 att + 1,
andvaluesof uq, - - -, uy att. As we mentionedbefore,pastformulascanbe expressed
in TPTL [6]. A tableautechniqueis proposedn [6] to show that validity checkingof
TPTL is decidable A modification[14] of thetechniquecanbe usedto prove Theorem
3.

To concludethis section,we point out that oncethe functionswy, - - -, v 4| repre-
sentingeacha(now) for a € A areknown, eachclosedpastformulacanberecursvely
calculatedasin Theorem3. In the next two sectionswe will build pastformulasinto
a transitionsystem.We first considera simpler systemcalled a pastmachine which
involvesonly oneclock, now. Later, we study a more complex systemcalleda past
pushdaevn timed automatonwhich containsa numberof clocksandpastformulas(not
necessarilglosed)asenablingconditions,anda pushdavn stack.

4 PastMachines: A Simpler Case

A past-mabine M is atuple (S, A, E, now), whereS is afinite setof (contml) states
A is afinite setof Booleanvariablesandnow is theonly clockin M. now is usedto
indicatethe currenttime. E is afinite setof edgesor transitions Eachedge(s, A, [, s')
denotesa transitionfrom states to states’ with enablingcondition/ andassignments
A to theBooleanvariablesn A. [ is aclosedpast-formulaX : A — {0,1} denoteghe
new value A(a) of eachvariablea € A afteranexecutionof the transition.Execution
of a transitioncauseghe clock now to progressuy 1 time unit. A configu@ation o of
M is apair {aq, am) Whereaq is astateandan = ({||al|* }4c4, n*) is ahistory.
a =20 3 denotesa one-stegransitionalongedge(s, A, 1, ') in M satisfying:

— Thestates is setto anew location,i.e.,aq = 5,8 = §'.

— Theenablingconditionis satisfiedj.e., ||{||o, holdsunderthehistoryapy.

— Theclocknow progresseby onetime unit, i.e.,n?# = n®# 4 1.

— The history a g is extendedto 3y by addingthe resultingvalues(given by the
assignmenA) of the Booleanvariablesafterthetransition.Thatis, for all a € A,
forall ,0 < t < n®#, history B is consistentith historyaz; i.e., ||a||?# (t) =
||a||*# (t). In addition, 35 extendsay; i.e.,for eacha € A, ||a||?# (nf#) = A(a).



We write & — g if a canreachg by a one-steptransition.A pathayg - - - ay, Satisfies
a; — a;41 for eachi. Write a ~ g if a reachess througha path.« is initial if the
currenttime is 0, i.e., n®? = 0. Thereareonly finitely mary initial configurations.
DenoteR = {{a, 8) : aisinitial, @ ~ £}.

Given a pastmachineM specifiedasabove. M, startingfrom aninitial configu-
ration « (i.e., with now = 0) canbe simulatedby a countermachinewith reversal-
boundedcountersin thefollowing, we will show the constructionEachenablingcon-
dition [ on anedgee € E of M is a closedpast-formula.From Theorem3, eachl
canbe associatedvith a numberof BooleanfunctionsO;, 014, - - - , O, anda num-
ber of Booleanvariablesu!, - - -, u} (updatedwhile now progresses). itself canbe
consideredas a Booleanvariable u!. We use a primed form to indicate the previ-
ousvalueof a variable— here,a variablechangeswith time progressingThus, from
Theorem3,! thesevariablesare updatedas, u! := Ol(A,u’I',---,ufc') andfor all u!
ub = 05 (A, 4l - -,uﬁc'). Thus, M canbe simulatedby a countermachineM’ as
follows. M' is exactly the sameas M exceptthateachtestof anenablingconditionof
lin M is replacedby atestof aBooleanvariableu! in M'. Furthermorewhenever M
executesatransition,M' doesthefollowing (sequentially):

— increasdhe counternow by 1,
— changehevaluesof Booleanvariablesa € A accordingo theassignmengivenin
thetransitionin M,

— for eachenablingconditionof I in M, M’ hasBooleanvariablesu’,u}, -, ut.
M' updateqasgivenabove) u!, - - -, u} andu! for eachl. Of course,duringthe
processthe new valuesof a € A will beusedwhich werealreadyupdatedn the
above.

Theinitial valueof Booleanvariablesa, u! andug- canbeassignedisingtheinitial
valueof a in a.?2 M’ containsonly onecounternow, which never reversesEssentially
M' is afinite statemachineaugmentedy onereversal-boundedounter It is obvious
that M’ faithfully simulatesi/. A configuration3 canbeencodedasastringcomposed
of thecontrolstates,, thecurrenttime n# (asaunarystring),andthehistoryconcate-
natedby thevaluesof a € A4 attime0 < ¢ < n®H. All componentareseparatedy a
delimiter“#” asfollows:

1ﬂq#7r0# e #TrnﬁH #111511
wheremr; is abinarystringwith length|A| indicatingthevaluesof all a € A att. Thus,
a setof configurationscan be consideredas a language DenoteR,, to be the set of
configurationg3 with a ~» 8. Then,

Theorem4. R, canbeacceptedyareversal-boundeshondeterministienulti-counter
madine

1 We simply useA to indicatethe currentvalueof a € A supposinghe “currenttime” canbe
figuredout from the context.

2 Eachug by definition correspondso a past-formulaTheinitial valueof ué canbecalculated
by replacingnow in the formulawith 0. Theinitial value,therefore,only dependsiponthe
initial valueof a € A.



Sincethereareonly finitely mary initial configurationsR = {{a, 8) : a initial , § €
R,} canbeacceptedy areversal-boundedondeterministienulti-countermachine.

Theorem5. R canbeacceptedy a reversal-boundedondeterministienulti-counter
madine

Thereasorthat pastmachinesaresimpleis thatthey containonly closedpastfor-
mulas.Thus,we have to extendpastmachinesy allowing anumberof clock variables
in the systemasshown in the next section.

5 PastPushdovn Timed Automata: A More Complex Case

Pastmachinesanbe extendedby allowing extra free variablesjn additionto now, in
an enablingcondition.We useZ = {z,---,2;} C X to denotethe variablesother
thannow. A pastpushdowrtimedautomatonl is atuple(S, A, Z, I, E, now) where
S and A arethe sameasthosefor a pastmachine 7 is afinite setof clocksandII is a
finite stackalphabetnow ¢ Z. Eachedge,from states to states’, in E is denotedoy
(8,6, A, (n,n"),1,s'). l and\ have the samemeaningasin a pastmachine thoughthe
enablingconditionl maycontain,in additionto now, free(clock) variablesn Z.§ C Z
denotesa setof clockjumps.® § maybeempty Thestackoperationis characterizety
apair(n,n') withn € IT andn’ € IT*. Thatis, replacingthetop symbolof the stackn
by awordn'. A configuratione of M is atuple{aq, au, @z, o) Whereaq is astate,
ag is ahistoryasdefinedin apastmachineanday € (Z+)|Z‘ is avaluationof clock
variablesZ. We usec, to denotehevalueof z € Z underthis configurationa,, € IT*
indicatesthe stackcontent.

a = &X' 8 denotesaone-stefransitionalongedge(s, 6, A, (7, 7'), 1, s')
in M satisfying:

— Thestates is setto anew location,i.e.,aq = s, = s’

— Theenablingconditionis satisfied,.e., [|!||4,,5(a,/z) holdsfor ary B. Thatis, [
is evaluatedunderthe history a g andreplacingeachfreeclock variablez € Z by
thevaluea, in theconfigurationo.

— Eachclock changesccordingto the edgegiven.

e If § = 0, i.e., thereareno clock jumpson the edge,thenthe now-clock pro-
gressedy onetime unit. Thatis, n®# = n®# 4+ 1. All the otherclocksdo not
changej.e.,foreachz € Z, 8, = a.

e If § # 0, thenall the clocksin § jump to now, andthe otherclocksdo not
change.Thatis, for eachz € 4, 8, = n®¥. In addition,for eachz ¢ ¢ ,
B. = a,, andtheclock now doesnot progressi.e.,n’# = n®#

— Thehistoryis updatedsimilarly asfor pastmachinesThatis,

e If § = (), thennow progressesfor all a € A, forall ¢, 0 < t < n%H,
[lall?# (t) = llal|*" (t), and||a[|*# (n®*) = X(a).

3 Herewe useclock jumps(i.e., z := now) insteadof clock resets(z := 0). The reasonis
that,in this way, the starttime of atransitioncanbedirectly modeledasa clock. Obviously, a
transformfrom z to now — z will give a traditional” clock with resets.



o If § # 0, thennow doesnotprogressfor alla € A, forall¢t,0 <t < n®# —1,
lla||P# (t) = ||a||*# (), and||a||?# (n®#) = A(a). Thus,eventhoughthe now-
clock doesnot progressthe currentvaluesof variablesa € A may change
accordingto theassignmenA.

— Accordingto the stackoperation(n, '), the stackword a, is updatedo 3,,.

«a is initial if the stackword is emptyandall clocksincludingnow are0. Similar
to the casefor pastmachinesye definea ~ 8 and R. Again, R canbe consideredis
alanguageby encodinga configurationinto a string. The main resultin this sectionis
that R canbe acceptedy areversal-bounde®PCM. The major differencebetweera
pastmachineanda pastpushdavn timed automatoris that the enablingconditionon
anedgein the pastpushdevn timedautomatoris not necessarila closedpastformula.
The proof, which canbe found in [14], shawvs that an enablingcondition with free
variablesn Z canbemadeclosed.

Theorem6. R for a pastpushdowrtimedautomatoncan be acceptedoy a reversal-
bounded\NPCM.

The importanceof the automata-theoreticharacterizatiorof R is that the Pres-
burger safetypropertiesover clocksandstackword countsaredecidableWe useg to
denotevariablesrangingover configurationsWe useq, z, w to denotevariablesrang-
ing over control states clock valuesand stackwords, respectrely. Note that 3.,, 3,
and 3,, arestill usedto denotethe value of clock z;, the control stateand the stack
word of 3. We usea countvariable#,(w) to denotethe numberof occurrencesf a
characten € IT in astackword variablew. An NPCM-termt is definedasfollows: 4
t o= n|q|x|#Buw) | Bz | Bg |t —1t|t+t wheren isanintegeranda € II.
An NPCM-formulaP is definedasfollows: P ::== ¢t > 0|t modn=0|—-P| PV P,
wheren # 0 is aninteger Thus, P is a Preslirgerformulaover controlstatevariables,
clock value variablesand countvariables.The Preslurger safetyanalysisproblemis:
givena pastpushdaevn timed automataeandan NPCM-formulaP, is therea reachable
configuratiorsatisfying P? From Theoreml, Theorem?2, Theorem6, andthe proof of
theTheoreml10in [20], we have,

Theorem 7. ThePreshurger safetyanalysisproblemfor pastpushdownimedautomata
is decidable

Becausef Theorem?, thefollowing statementanbe verified:

“A givenpastpushdevn timed automatorcanreacha configurationsatisfyingz, —
29 + 223 > #o(w) — 44 (w).”
wherez;, 2z, andzz areclocksandw is the stackword in the configuration Obviously,
Theorem6 and Theorem? still hold whena pastpushdevn timed automatoris aug-
mentedwith anumberof reversal-boundedountersj.e.,apastreversal-boundegdush-
down timed automatonThe reasonis asfollows. In the proof of Theorem6, clocksin
a pastpushdevn timed automatoraresimulatedby reversal-boundedountersThere-
fore, by replacingpast-formulasn a pastpushdevn timed automatornwith Boolean

4 Control statescan be interpretedover a boundedrangeof integers. Therefore an arithmetic
operationon control stateds well-defined.



formulasin the proof, a pastpushdavn timed automatonis simulatedby a reversal-
boundedNPCM. Whena numberof reversal-bounde@ountersare addedto the past
pushdevn timedautomatontheautomatorcanstill be simulatedoy areversal-bounded
NPCM: clocks are simulatedby reversal-boundedountersand the addedreversal-
boundecdtountergemain.Hence,Theorem6 andTheoren still hold for pastreversal-
boundedpushdaevn timedautomataAn unrestricteccounteris a specialcaseof a push-
down stack.Therefore theresultsfor pastreversal-boundegushdavn timedautomata
imply the sameresultsfor pasttimed automatawith a numberof reversal-bounded
countersandanunrestricteccounter Theseresultsare helpful in verifying Preslirger
safetypropertiedor history-dependerdystemsontainingparameterize@unspecified)
integerconstantsasillustratedby the examplein the next section.

6 An Example

This sectionshows the possibility of verifying an ASTRAL specificatior{28] of arail-
roadcrossingsystemwhichis a history-dependergndparameterizedeal-timesystem
with a Preslourger safetypropertythat needsto be verified. The systemdescriptionis
taken from [22]. The systemconsistsof a setof railroadtracksthatintersecta street
wherecarsmay crossthetracks.A gateis locatedat the crossingto preventcarsfrom
crossingthe trackswhena train is near A sensoron eachtrack detectsthe arrival of
trains on that track. The critical requirementof the systemis that whenever a train
is in the crossingthe gatemustbe down, andwhenno train hasbeenin betweenthe
sensorsindthecrossingor areasonablamountof time, thegatemustbeup. Thecom-
pleteASTRAL specificatiorof therailroadcrossingsystemcanbefoundin [28] andat
http://www.cs.ucsb.edu/ ~dang . The ASTRAL specificatiorwas provedto
be correctby usingthe PVS-based\STRAL theoremprover[28] andwastestedby a
bounded-deptBymbolicsearchtechniqug17,18].

The ASTRAL specificationlooks at the railroad crossingsystemas two interac-
tive modulesor processspecificationsGate andSensor . Eachprocesshasits own
(parameterizedyonstantslocal variablesandtransitionsystem Requirementescrip-
tionsarealsoincludedasa partof a processspecificationThey compriseaxioms,ini-
tial clausesimportedvariableclausesgrvironmentalassumptionsindcritical require-
ments.An axiomis usuallyusedto specifyapropertyaboutconstantsAn initial clause
definesthe possiblesystemstatesat startuptime. An importedvariableclausedefines
the propertiesthe importedvariablesshouldsatisfy for instance patternsof changes
to the valuesof importedvariablesandtiming information abouttransitionsexported
from otherprocessesASTRAL useservironmentalassumption$o characterizéheen-
vironment.An ervironmentclauseformalizesthe assumptionshat musthold on the
behavior of the ernvironmentto guaranteesomedesiredsystemproperties.Typically,
it describeghe patternof invocation(Call s) of exportedtransitions.The critical re-
quirementsncludeinvariantclausesand scheduleclauses An invariantexpresseghe
propertieghatmusthold for every stateof the systenthatis reachabldrom theinitial
state,no matterwhatthe behavior of the externalenvironmentis. A scheduleexpresses
thepropertiegthatmusthold providedthe externalervironmentandthe otherprocesses
in the systembehare asassumedi.e., asspecifiedby the ervironmentalassumptions



andtheimportedvariableclauses)Theimportedvariableclausecanberegardedasan
abstractiorof thebehaviors of theotherprocessesThisfeaturehelpsto developamod-
ular verificationtheory For example,verifying the scheduleandthe invariantof each
processnstanceusesonly the processs local assumptionaindbehaiors. Thus,verify-

ing thelocalinvariantusesonly thebehaviors of transitionsof theprocessnstanceand
verifying thelocal schedulaisegheprocessslocal environmentandimportedvariable
clause plusthe behaviors of the processs transitions(without looking at the behaviors
of all the otherprocesdnstances)Finally, becausehe importedvariableclausemust
be acorrectassumptionit needso beverifiedby combiningall theinvariantsfrom all

theotherprocessnstances.

ASTRAL is arich languageandhasstrongexpressve power. For a detailedintro-
ductionto ASTRAL andits formal semanticthe readeliis referredto [11,13,28]. For
thepurposeof this paperwe will shav thattheGate processanbemodeledasa past
pushdevn timedautomatorwith reversal-boundedountersBy usingtheresultsin the
previous section,a Preslrger safetypropertyspecifiedin Gate canbe automatically
verified.

We look at aninstanceof the Gate procesdy consideringthe specificationwith
onerailroadtrack (i.e.,n_track =1, andthereforethereis only oneSensor process
instance.pndassigningconcretevaluesto parameterizedonstantasfollows (in order
to make the enablingconditionsin the processn the form of pastformulas):

raise _dur =1,up_dur =1,lower _dur =1,down_dur =1,

raise _time =1,lower _time =1,response _time =1,Rlimax =6.

But two constantsvait _time andRImax remainparameterized.

— train_in_R now-y < raise_time

@ now-y >= raise_time m

n4

now-z < lower_time train_in_R

Fig. 1. Thetransitionsystemof a Gate instanceaepresentedsatimedautomaton

Thetransitionsystenof the Gate processanberepresentedsthetimedautoma-
tonshavnin Figurel. Thelocalvariableposition  in Gate hasfour possiblevalues.
They areraised ,raising ,lowering andlowered , which arerepresentedby
nodesni,n2,ns andny in thefigure,respectrely. Therearetwo dummynodesn; and



ng in thegraph,whichwill bemadeclearin amoment.Theinitial nodeis n,. Thatis,
theinitial positionof the gateis raised

Thetransitionslower, down, raise andup in the Gate processarerepre-
sentedn the figure asfollows. Eachtransitionincludesa pair of entry andexit asser
tions with a nonzerodurationassociatedvith eachpair. The entry assertiormustbe
satisfiedat the time the transitionstarts,whereaghe exit assertionwill hold afterthe
time indicatedby the durationfrom whenthetransitionfires. Thetransitionlower ,

TRANSITION lower
ENTRY[ TIME : lower dur ]

( position = lowering | position = lowered )
& EXISTS s: sensor_id ( s.train_in_R )
EXIT
position = lowering,

correspond$o theedgegn;, ns) and(ns, ns3), or theedgesny, ns) and(ns, n3). The
clock z is usedto indicatethe endtime End(lower) (of transitionlower ) usedin
transitiondown. Whenever the transitionlower completesz jumpsto now. Thus,a
dummynodens is introducedsuchthat z jumpson the edge(ns, n3) to indicatethe
endof the transitionlower . On an edgewithout clock jumps (suchas (n,n;) and
{n2,ns5)), now progressedy onetime unit. Thus,thetwo edges{ni, ns) and{nsz, ns)
indicatethe durationlower _dur of the transitionlower (recall the parameterized
constantower _dur wassettobel.).

Similartolower ,transitionraise correspondtheedgegns, ng) and{ng, n2),
ortheedges(n4, ng) and(ng, n2). Theclocky is usedto indicateEnd(raise) usedin
transitionup. A dummynoden is introducedsuchthaty jumpson the edge(ng, n2)
to indicatethe endof the transitionraise . The othertwo transitionsdown andup
correspondo theedges(ns, n4) and(ns, ny), respectiely. Idle transitionsneedto be
addedo indicatethe behavior of the processvhenno transitionis enabledandexecut-
ing. They arerepresentedly self-loopson nodesn, , n2,ng andn, in thefigure.

Besidesvariableposition , Gate hasanimportedvariabletrain _in _Rto in-
dicatean arrival of a train. Notice that we have only one Sensor processnstance.
Thus,the importedvariables.train ~ _in _Rin the specificationis simply written as
train _in _R Gate hasno controlovertheimportedvariable.Thatis, train _in _R
canbe eithertrue or falseat ary giventime, eventhoughwe do not explicitly specify
thisin thefigure. Thefollowing sequencef tuplesof variables: (rangingovernodes),
position, train  _in _R, now, z andy is anexecutionof theautomatonn Figure
1:

n = mi,position = raised,train_in R = false,now = 0,z = 0,y = 0)
(n1,m1

~

(n =mny,position = raised,train_in R = false,now = 1,2 =0,y = 0)
(n =mny,position = raised,train_in R = true,now =2,z =0,y = 0)

(n = n5,position = raised,train_in R = false,now = 3,2 = 0,y = 0)



<"5—’">3> (afterthis edgeis fired, z jumpsand,sinceclock jumpstake notime,
train _in _Rdoesnotchange.)

(n = ng3,position = lowering, train_in R = false,now = 3,z = 3,y =
0).
The automatorwalks along the path (n1,n1), {n1,n1), (n1,ns), and {(ns, n3) while
theimportedvariabletrain  _in _R demonstratethe value false atnow = 0,1, and
3, andvaluetrue at now = 2. But this sequencés not an intendedexecutionof the
Gate processThereasoris asfollows.train _in _Rhasvaluetrue atnow = 2. At
now = 3, it changedo false. This changes too fast,sincethe gateposition  at
now = 3 islowering whenthe changehappensAt now = 3, thetrain hadalready
crossedheintersectionThisis bad,sincethegatewasnotin thefully loweredposition
lowered . Thus,theimportedvariableclauseis neededo placeextrarequirement®n
thebehaiors of theimportedvariable. Therequiremenessentiallystategshatoncethe
sensorreportsatrain’s arrival, it will keepreportinga train at leastaslong asit takes
the fastestrain to exit the region. By substitutingfor the parameterizedonstantsand
noticingthatthereis only onesensoiin the systemtheimportedvariableclausein the
ASTRAL specificatiorcanbewritten as

now > 1A past(train_in R, now — 1) = true A train_in R = false
_)
now > 5A Vt(t > now —5 At < now — past(train_inR,t) = true).

We usef to denotethis clauselt is easyto seethat f is a pastformula.Figurel canbe
modifiedby adding f to the enablingconditionof eachedge.Theresultingautomaton
is denotedby M, asshovnin Figure2.

f& — train_in_R f & now-y < raise_time

@ f & now-y >= raise_time m

f & now-z < lower_time f & train_in_R

Fig. 2. Thetransitionsystemin Figurel undertheimportedvariableclausef of Gate

It is easyto checkthat M doesrule outthe executionsequencshonvn above. Now
we useclock z to indicatethe (last)changedime of theimportedvariabletrain = _in _R.
A propermadificationto M canbe madeby incorporatingclock z into the automa-
ton. The resultingautomatondenotedby M, is a pastpushdavn timed automaton
without the pushdavn stack.Recall that the processinstancehastwo parameterized



constantswvait _time andRImax. Therefore,M’ is augmentedvith two reversal-
boundedcounterswait _time andRImax to indicatethe two constantsThesetwo
countersremainunchangediuring the computationf M’ (i.e., O-reversal-bounded).
They arerestrictedby theaxiomclauseyg of theprocess:

wait_time  >= raise_dur + raise_time + up_dur
& RImax >= response_time + lower_dur +
lower_time  + down_dur + raise_dur
& RImax >= response_time + lower_dur +
lower_time  + down_dur + up_dur

recallingthatall the constantsn the clausehave concretevaluesexceptwait _time
andRImax.

Thefirst conjunctionof theschedulelauseof theprocessnstancespecifiesa safety
propertysuchthat the gatewill be down beforethe fastestrain reacheghe crossing.
Thatis,

(train_in R = true A now — z > RImax — 1) — position = lowered.

We usep to denotethis formula. Notice thatp is a non-region property(sinceRImax

is a parameterizedonstant) Verifying this partof the scheduleclauseis equivalentto
solving the Preshirger safetyanalysisproblemfor A’ (augmentedvith two reversal-
boundedcounterswith the Preslurger safetypropertyg — p over the clocksandthe
reversal-boundedountersFromtheresultof the previoussection this propertycanbe
automaticallyverified.

7 Conclusions

We considempastpushdevn timedautomatahatarediscretepushdevn timedautomata
[20] with past-formulagsenablingconditions.Usingpastformulasallows a pastpush-
down timed automatorto accesghe pastvaluesof the finite statevariablesin the au-
tomaton We provethatthereachability(i.e.,thesetof reachableonfigurationgrom an
initial configuration)of a pastpushdevn timedautomatorcanbe acceptedy anonde-
terministicreversal-boundedountermachineaugmentedvith a pushdevn stack(i.e.,
areversal-boundedNPCM). By usingthe known fact that the emptinesgproblemfor
reversal-boundedNPCMsis decidablewe shav that model-checkingpastpushdavn
timed automateagainstPreslrger safetypropertieson discreteclocksandstackword
countsis decidableAn exampleASTRAL specifications presentedo demonstrat¢he
usefulnes®f theresults.

The authorswould like to thankP. SanPietroandJ. Sufor discussionsThe AS-
TRAL specificatiorusedin this paperwaswritten by P. Kolano.
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