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Abstract. We considerpastpushdown timed automatathat are discretepush-
down timedautomata[20] with past-formulasasenablingconditions.Usingpast
formulasallows a pastpushdown timed automatonto accessthe pastvaluesof
thefinite statevariablesin theautomaton.Weprove thatthereachability(i.e., the
setof reachableconfigurationsfrom aninitial configuration)of a pastpushdown
timedautomatoncanbeacceptedby anondeterministicreversal-boundedcounter
machineaugmentedwith apushdown stack(i.e.,a reversal-boundedNPCM).By
usingtheknown factthattheemptinessproblemfor reversal-boundedNPCMsis
decidable,we show thatmodel-checkingpastpushdown timedautomataagainst
Presburger safetypropertieson discreteclocksandstackword countsis decid-
able.An exampleASTRAL specificationis presentedto demonstratetheuseful-
nessof theresults.

1 Intr oduction

As far asmodel-checkingis concerned,themostsuccessfulmodelof infinite statesys-
temsthat have beeninvestigatedis probablytimed automata[3]. A timed automaton
canbeconsideredasa finite automatonaugmentedwith a numberof clocks.Enabling
conditionsin a timedautomatonarein the form of (clock) regions: a clock or thedif-
ferenceof two clocksis testedagainstanintegerconstant,e.g., �����
	�� . Theregion
technique[3] hasbeenusedto analyzeregionreachability, developanumberof tempo-
ral logics [2, 4–6,25,30,32,35] andmodel-checkingtools [24,29,36] (see[1,37] for
surveys).

Regionreachabilityis useful,but obviouslynotenough.For instance,wemaywant
to know whetherclock valuessatisfyinga non-region property � � �� ��� ��������
are reachablefor a timed automaton.Recently, Comonand Jurski [12] have shown
that,by usinga flatteningtechnique,thebinaryreachability(all theconfigurationpairs
suchthat onecanreachthe other) is expressiblein the additive theoryof reals.This
result immediatelyopensthe door for automaticverificationof a classof non-region
propertiesfor timed automata.However, the flatteningtechniquedoesnot work for
a timed automatonaugmentedwith an unboundedstoragedevice (e.g.,a pushdown
stack).The reasonis that, by flattening,the sequenceof stackoperationscannot be



maintained.By usinganautomata-theoretictechnique,wehaveshown recentlythat,as
far asdiscreteclocksareconcerned,checkinga classof non-region safetyproperties
(in the form of Presburger formulas)againstpushdown timed automatais decidable
[20]. The techniquecanbe further usedin investigatingPresburger livenessfor timed
automatawith discreteclocks [19]. Dang [15] alsoestablishesthat, by introducinga
patterntechnique,theresultin [20] canbeextendedto thecaseof denseclocks.

In this paper, we considera classof discretetimedsystems,calledpastpushdown
timedautomata.In a pastpushdown timedautomaton,theenablingconditionof a tran-
sitioncanaccesssomefinite statevariable’spastvalues.For instance,considerdiscrete
clocks � ��� � � and ����� (a clock thatnever resets,indicatingthecurrenttime).Suppose
that � and � aretwo Booleanvariables.An enablingconditioncouldbein theform of a
pastformula:� �"! � � ! �����$# �%! � � ! ������&'&(� � �)� � 	+*�,-� &.� �0/21 ��&.� �3/'/24 &.� � 	5� �7698:/'/ �
in which � &.� � / and ��&(� � / are(past)valuesof � and � at time � � and � � , respectively.
Thus,pastpushdown timed automataarehistory dependent;that is, the currentstate
dependsupontheentirehistoryof thetransitionsleadingto thestate.Themainresultof
thispapershowsthatthereachabilityof pastpushdowntimedautomatacanbeaccepted
by reversal-boundedmulticountermachinesaugmentedwith a pushdown stack(i.e.,
reversal-boundedNPCMs).Sincetheemptinessproblemfor reversal-boundedNPCMs
is decidable[26], we canshow that checkingpastpushdown timed automataagainst
Presburgersafetypropertiesondiscreteclocksandstackwordcountsis decidable.This
resultis not coveredby region-basedresultsfor model-checkingtimedpushdown sys-
tems[10], nor by model-checkingpushdown systems[9, 21].

Besidestheir own theoreticalinterest,history-dependenttimedsystemshave prac-
tical applications.We all know that the principle that a systemspecificationcan be
broken into several loosely independentfunctional modulesgreatly easesboth veri-
fication anddesignwork. The ultimategoal of modularizationis to partition a large
system,both conceptuallyand functionally, into several small modulesandto verify
eachsmallmoduleinsteadof verifying thelargesystemasa whole.That is, verify the
correctnessof eachmodulewithout lookingat thebehaviorsof theothermodules.This
ideais adoptedin a real-timespecificationlanguageASTRAL [11], in whicha module
(calleda process)is providedwith an interfacesection,which is a first-orderformula
thatabstractsits environment.It is not unusualfor theseformulasto includecomplex
timing requirementsthat reflect the patternsof variablechanges.Thus, in this way,
evena history independentsystemcanbe specifiedasa numberof history dependent
modules(see[7,8,11,13,16] for anumberof interestingreal-timesystemsspecifiedin
ASTRAL). Thus,theresultsin thispaperhaveimmediateapplicationsin implementing
anASTRAL symbolicmodelchecker.

Past formulasare not new. In fact, they can be expressedin TPTL [6], which is
obtainedby includingclock constraints(in theform of clock regions)andfreezequan-
tifiers in the Linear TemporalLogic (LTL) [31]. It hasbeenshown [6] that validity
checkingfor TPTL(andhenceclosedpastformulas)isdecidable.However, whendense
clocksareconsidered,the decidabilitydoesnot remain[6]. Resultsin [6] show that
discretetimed automatacanbe model-checked againstTPTL, in which explicit time
referencesto thevalueof a finite statevariableareallowed.But, in this paper, weput a



pastformula into theenablingconditionof a transitionin a generalizedtimedsystem.
Thismakesit possibleto modelareal-timemachinethatis history-dependent.Pastfor-
mulascanbeexpressedthroughS1S(seeThomas[34] andStraubing[33] for details),
which canbe characterizedby Buichi (finite) automata.This fact doesnot imply (at
leastnot in anobviousway) that timedautomataaugmentedwith thesepastformulas
canbe simulatedby finite automata.The essentialreasonthat makesthe construction
presentedin thispaperwork is thatclocks,whenthey progress,aresynchronized.When
clocks(understoodascounters)arenotsynchronized,andevenwhentheseclocksnever
reset,simpleclocksconstraintslike ����� � * (which is a pastformula)make a timed
automatonTuring [27].

This paperis organizedasfollows. We first considera simplerform of pastpush-
down timedautomata,calledpastmachines.They arefinite statemachinesaugmented
with a singleclock ����� andwithout thepushdown stack.Eachtransitionmakes �����
progressby onetime unit. Eachenablingconditioncanreferto a finite statevariable’s
pastvalues.After giving a numberof basicdefinitionsin Section2, we show, in Sec-
tion 3, thataclosedpastformulais aBoolean-valuedprimitiverecursivefunctionovera
historystructure.Usingthisresult,in Section4 weprovethatreachabilityfor apastma-
chinecanbeacceptedby a reversal-boundedmulticountermachine.Thatis, thereach-
ability is Presburger. In Section5 pastpushdown timed automataareconsidered,by
allowing extra clock variablesin anenablingconditionandwith a pushdown stack.By
makingeachenablingcondition in a pastpushdown timed automatona closedpast-
formula,weshow thatthereachabilityfor apastpushdown timedautomatoncanbeac-
ceptedby areversal-boundedmulticountermachineaugmentedwith apushdown stack.
In Section6, anexampleis givento show theusefulnessof theresultspresentedin this
paper. In Section7, conclusionsaredrawn from thiswork. In thisextendedabstract,the
completeASTRAL specification,aswell assomesubstantialproofs,in particularfor
Theorems3, 4 and6 areomitted.For a completeexpositionsee[14].

2 Preliminaries

A nondeterministicmulticountermachine(NCM) is a nondeterministicmachinewith
a finite set of (control) states ; 1=<?> �A@7�CBCB0BD�3E ; EGF , and a finite numberof counters
� � �CBCB0BH� � I with integer countervalues.Eachcountercan add 1, subtract1, or stay
unchanged.Thesecounterassignmentsarecalledstandard assignments. J canalso
testwhethera counteris equalto, greaterthan,or lessthanan integer constant,and
thesetestsarecalledstandard tests. To usean NCM J asa languagerecognizerwe
attacha separateone-way read-onlyinput tapeto the machineandassigna statein ;
asthefinal state.J acceptsaninput if f it canreachthefinal state.

An NCM canbeaugmentedwith a pushdown stack.A nondeterministicpushdown
multicountermachine (NPCM) J is a nondeterministicmachinewith a finite setof
(control) states; 1K<L> �A@7�CB0BCBD�3E ; EGF , a pushdown stackwith stackalphabetM , anda
finite numberof counters� ���0BCB0BC� � I with integercountervalues.Bothassignmentsand
testsin J arestandard.In addition, J canpopthetop symbolfrom thestackor push
a word in MON on thetop of thestack.It is well-known thatcountermachineswith two
countershave undecidablehaltingproblem,andobviously theundecidabilityholdsfor



machinesaugmentedwith apushdown stack.Thus,wehave to restrictthebehaviorsof
the counters.Oneof the restrictionsis to limit the numberof reversalsa countercan
make.

A counteris � -reversal-boundedif it changesmodebetweennondecreasingand
nonincreasingat most � times.For instance,the following sequenceof a counterval-
ues:

� � � � > � > �A@P�Q@P�AR7�SR�� 8 � 8 �ARP�A@7� > � > � > � > �0BCB0B demonstratesonly onecounterreversal.
A counteris reversal-boundedif it is � -reversal-boundedfor some� that is indepen-
dentof thecomputations.We notethata reversal-boundedJ (i.e.,eachcounterin J
is reversal-bounded)doesnotnecessarilylimit thenumberof movesto befinite.

Let &UT �SV?���0BCBCBC�'V I � � / denotethe configuration of J when it is in state TXWY; ,
counter�[Z hasvalue V Z\W^] for _ 1`> �Q@P�0BCBCBC�Aa , andthestringin thepushdown stackis
�bWdceN with therightmostsymbolbeingthetopof thestack.EachintegercountervalueV Z canberepresentedbyaunarystring

�gfAh
( > fAh ) whenV Z positive(negative).Thus,acon-

figuration &iT �SV � �0BCB0BC�'V I � � / canberepresentedasa stringby concatenatingthe unary
representationsof eachT ,V � �0BCBCBC�'V I aswell asthestring � with aseparatorjKkW
c . For
instance,(1,2,-2,w)canbe representedby

� � j � � j > � j�� . Similarly, an integer tuple
& V?�l�CBCB0BH�'V I / canalsoberepresentedby a string.Thus,in this way, a setof configura-
tionsanda setof integertuplescanbetreatedassetsof strings,i.e.,a language.

Note that the above defined J doesnot have an input tape;in this caseit is used
asa systemspecificationratherthana languagerecognizer, andwe aremoreinterested
in the behaviors that J generates.Whena nondeterministicpushdown multicounter
machineJ is usedasa languagerecognizerwe attacha separateone-way read-only
input tapeto themachineandassigna statein ; asthefinal state.J acceptsaninput
if f it canreachthefinal state.When J is reversal-bounded,theemptinessproblem(i.e.,
whetherJ acceptssomeinput) is known to bedecidable,

Theorem1. Theemptinessproblemfor reversal-boundednondeterministicpushdown
multicountermachineswith a one-wayinput tapeis decidable[26].

An NCM canberegardedasaNPCMwithoutthepushdownstack.Thus,theabovethe-
oremalsoholdsfor reversal-boundedNCMs.We canalsogivea nicecharacterization.
If m is asetof � -tuplesof integers,let n$&om / bethesetof stringsrepresentingthetuples
in m (asdescribedabove). It wasshown in [26] that if n$&om / is acceptedby a reversal-
boundednondeterministicmulticountermachine,then m is semilinear. Theconverseis
obvious.Since m is semilinearif andonly if it is definableby aPresburgerformula,we
have:

Theorem2. A setof � -tuplesof integers is definablebya Presburger formulaiff it can
beacceptedbya reversal-boundednondeterministicmulticountermachine[26].

3 Past Formulas

Let p bea finite setof finite statevariables,for instance,a boundedrangeof integers.
We use� � � BCB0B to denotethem.Without lossof generality, weassumethey areBoolean
variables.All clocksarediscrete.Let ����� be the clock representingthecurrenttime.
Let q beafinite setof integer-valuedvariables.Past-formulasaredefinedas



r
sis 1 � &.� / E �t	5� E �u	v 6 � Egwyx r{z � � �����-| E r9}~r E3� r �
where �~W�p , � and v arein q�� < ����� F , ��W�q , and � is aninteger. Intuitively, ��&(� /
is the variable � ’s valueat time � , i.e., Past &(� � � / in ASTRAL [11]. Quantificationw�x r{z � � �����-| , with �bk1 ����� (i.e., ����� cannot be quantified),means,for all � from
0 to ����� ,

r
holds.An appearanceof � in w�x r{z � � �����-| is calledbounded. We assume

any � is boundedby at mostone w�x . � is freein
r

if � is not boundedin
r

.
r

is closed
if ����� is theonly freevariable.Past-formulasareinterpretedon a historyof Boolean
variables.A historyconsistsof a sequenceof booleanvaluesfor eachvariable ��W�p .
Thelengthof everysequenceis � +1,where� is thevalueof ����� . Formally, ahistory �
is a pair � <:� � � F����g��� �{� , where ��W^]2� is a nonnegativeintegerrepresentingthevalue
of ����� , andfor each�uW
p , themapping � � � s �7�i� � 4=< � � > F givestheBooleanvalue
of � ateachtimepoint from

�
to � . Let � s q 4 ]�� beavaluationfor variablesin q .

Thus ��&(� / W�]2� denotesthevalueof ��W�q underthis valuation � . We use ��&.����� /
to denotereplacing � ’s valuein the valuationwith a non-negative integer � . Given a
history � anda valuation � , the interpretationsof past-formulasare as follows, for
each� � v%WdqY� < ����� F andeach�
W~q ,� � �C�y� ��1 ��&(� / ,� ����� � �y� � 1 � ,� � &.� /C� �y� �Y�9� � � � & � � � �y� � / ,� �t	�� �H�y� � �%� � � �H�y� � 	�� ,� �t	5v 6 � � �y� ���%� � � � �y� � 	 � v � �y� � 6 � ,� w�x r{z � � �����-| � �y� ���%� for all a with

�%! a ! � ,� r � �y� ��� IH� x0� ,� � r � �y� �Y�%� not � r � �y� ���� r � }~r � � �y� ���%� � r � � �y� � or � r � � �y� � .
Two past-formulas

r � and
r � areequivalent,i.e.,

r �e  r � , if, � r ���H�y� � if f � r �?�H�y� � for
all � and � . When

r
is aclosedformula,wewrite � r �H� insteadof, for all � , � r �H�y� � .

We use ¡ x to denote�yw x � .
A history � givesvaluesfor eachBooleanvariable ��W�p at eachpasttime from

0 to � . Thus,the historycanberegardedasa sequenceof snapshotsm ¢ �0BCBCB0� m¤£ such
thateachsnapshotgivesavaluefor each�tW~p . When ����� progressesfrom � to � 6�>
history � is updatedto anew history ��¥ by addinganew snapshotm £ � � to history � .
This newly addedsnapshotrepresentsthenew valuesof ��W�p at thenew currenttime
� 6�> . A closedpastformulamayhavedifferenttruthvalueswheninterpretedunder�
andunder ��¥ . Is thereany way to calculatethetruth valueof theformulaunder ��¥ by
usingthe new snapshotm £ � � andthe truth valueof the formula under � ? If this can
bedone,thetruth valueof theformulacanbeupdatedalongwith thehistory’s update
from � to � 6> , without lookingbackat theold snapshotsm ¢ �CBCB0BC� m¤£ . Therestof this
sectionstatesthatthis canbedone.Thatis, thetruth valueof eachclosedpastformula
canberecursively computed.Thetechnicaldetailscanbefoundin [14].

A Booleanfunctionis a mapping]�� 4¦< � � > F . A Booleanpredicateis a mapping< � � > F�§ 4¨< � � > F for some © . We use V?���CB0BCB0�'V7ª � ª to denotethe Booleanfunctions
representingthe truth valueof each��W�p at eachtime point. Obviously, V?���0BCB0BH�'V7ª � ª
canbeobtainedby extending� to « in ahistory. When V?�l�CB0BCBH�SV7ª � ª aregiven,aclosed
pastformula canbe regardedasa Booleanfunction: the truth valueof the formula at



time ¬ is theinterpretationof theformulaunderthehistory V Z & � / �0BCB0BC�'V Z &.¬ / for each> !
_ ! E p E . Givenclosedpastformulas

r
,  ���0BCBCBC�  I (for somea ), weuse® � ® ���CBCB0BC� ® I to

denotetheBooleanfunctionsfor them,respectively.

Theorem3. For anyclosedpastformula
r

, thereare closedpastformulas ���CB0BCBC�  I ,
andBooleanpredicates̄ � ¯ �l�CBCB0BC� ¯ I such that, for anygivenBooleanfunctionsV?���BCBCB0��V7ª � ª , theBooleanfunctions® � ® �3�0BCB0BH� ® I (definedabove)satisfy:for all ¬ in ]2� ,

®°&(¬ 6�>3/�1 ¯%& V?� &.¬ 6+>�/ �0BCBCB0�'V7ª � ª &.¬ 6�>3/ � ® � &.¬ / �CBCB0BC� ® I &(¬ /'/
andfor each _ , > ! _ ! a ,

® Z &.¬ 6+>�/�1 ¯ Z & V?� &(¬ 6�>3/ �CB0BCBC�SV7ª � ª &(¬ 6+>�/ � ® � &(¬ / �0BCBCB0� ® I &.¬ /S/ �

Therefore,®°&(¬ 6b>�/ (the truth valueof formula
r

at time ¬ 6±> ), aswell aseach
® Z &.¬ 6±>3/ , canbe recursively calculatedby usingthe valuesof V?���0BCBCBC�'V7ª � ª at ¬ 6±> ,
andvaluesof ® ���CB0BCBH� ® I at ¬ . As we mentionedbefore,pastformulascanbeexpressed
in TPTL [6]. A tableautechniqueis proposedin [6] to show thatvalidity checkingof
TPTL is decidable.A modification[14] of thetechniquecanbeusedto proveTheorem
3.

To concludethis section,we point out that oncethe functions V?���CB0BCB0�'V7ª � ª repre-
sentingeach� &.����� / for �uWdp areknown,eachclosedpastformulacanberecursively
calculatedasin Theorem3. In the next two sections,we will build pastformulasinto
a transitionsystem.We first considera simplersystem,calleda pastmachine,which
involvesonly oneclock, ����� . Later, we studya morecomplex systemcalleda past
pushdown timedautomaton,whichcontainsanumberof clocksandpastformulas(not
necessarilyclosed)asenablingconditions,andapushdown stack.

4 Past Machines: A Simpler Case

A past-machine J is a tuple �om � p �S²t� �����$� � where m is a finite setof (control) states.
p is a finite setof Booleanvariables,and ����� is theonly clock in J . ����� is usedto
indicatethecurrenttime. ² is a finite setof edgesor transitions. Eachedge �o³ �A´µ�S¶'� ³3¥·�
denotesa transitionfrom state ³ to state ³ ¥ with enablingcondition ¶ andassignments´ to theBooleanvariablesin p . ¶ is a closedpast-formula.́

s p 4¸< � � > F denotesthe
new value ´ &(� / of eachvariable ��W�p afteranexecutionof the transition.Execution
of a transitioncausesthe clock ����� to progressby 1 time unit. A configuration ¹ of
J is a pair �(¹�º � ¹ � � where ¹µº is a stateand ¹ � 1 � <:� � �C»L¼ F �3�g� � � »L¼ � is a history.
¹ 4�½i¾ � ¿g� ÀÁ� ¾ÃÂiÄ�Å denotesa one-steptransitionalongedge �Æ³ �A´µ�S¶Ç� ³3¥i� in J satisfying:

– Thestate³ is setto a new location,i.e., ¹ º 1 ³ � Å º 1 ³0¥ �
– Theenablingconditionis satisfied,i.e., � ¶ � » ¼ holdsunderthehistory ¹ � .
– Theclock ����� progressesby onetimeunit, i.e., �µÈ ¼�1 � »L¼^6�> .
– The history ¹ � is extendedto Å � by addingthe resultingvalues(given by the

assignment´ ) of theBooleanvariablesafter thetransition.That is, for all ��W�p ,
for all ¬ , �t! ¬ ! � » ¼ , history Å � is consistentwith history ¹ � ; i.e., � � � È ¼ &(¬ /�1� � �C»L¼ &(¬ / . In addition, Å � extends¹ � ; i.e., for each�tW
p , � � � È ¼ &(�µÈ ¼2/�1 ´ &o� / .



We write ¹ 4ÉÅ if ¹ canreachÅ by a one-steptransition.A path ¹�¢ B0BCB ¹ I satisfies
¹ Z 4 ¹ Z � � for each_ . Write ¹�Ê Å if ¹ reachesÅ througha path. ¹ is initial if the
currenttime is 0, i.e., � » ¼ 1 �

. Thereareonly finitely many initial configurations.
DenoteË 1b< �(¹ � Å � s ¹ is initial � ¹tÊ Å F .

Given a pastmachineJ specifiedasabove. J , startingfrom an initial configu-
ration ¹ (i.e., with ����� 1 �

) canbe simulatedby a countermachinewith reversal-
boundedcounters.In thefollowing, wewill show theconstruction.Eachenablingcon-
dition ¶ on an edge Ì�W ² of J is a closedpast-formula.From Theorem3, each ¶
canbeassociatedwith a numberof Booleanfunctions ¯ À � ¯ �Q� À �0BCBCB0� ¯�I � À , anda num-
ber of Booleanvariables® À � �CBCB0BC� ® À I (updatedwhile ����� progresses).¶ itself can be
consideredas a Booleanvariable ® À . We use a primed form to indicate the previ-
ousvalueof a variable– here,a variablechangeswith time progressing.Thus,from
Theorem3,1 thesevariablesareupdatedas, ® À s 1 ¯ À &(p � ® À � ¥ �0BCB0BC� ® À I ¥ / andfor all ® À Z
® À Z s 1 ¯ Z � À &(p � ® À � ¥ �CBCB0BH� ® À I ¥ / � Thus, J canbe simulatedby a countermachineJX¥ as
follows. JX¥ is exactly thesameas J exceptthateachtestof anenablingconditionof¶ in J is replacedby a testof a Booleanvariable® À in JX¥ . Furthermore,whenever J
executesa transition,JX¥ doesthefollowing (sequentially):

– increasethecounter����� by 1,
– changethevaluesof Booleanvariables�tW
p accordingto theassignmentgivenin

thetransitionin J ,
– for eachenablingconditionof ¶ in J , JX¥ hasBooleanvariables® À � ® À � �0BCBCB0� ® À I .J ¥ updates(asgivenabove) ® À � �CB0BCB0� ® À I and ® À for each ¶ . Of course,during the

process,thenew valuesof �
W�p will beused,which werealreadyupdatedin the
above.

Theinitial valueof Booleanvariables� , ® À and ® ÀÍ canbeassignedusingtheinitial
valueof � in ¹ .2 JX¥ containsonly onecounter����� , which never reverses.Essentially
JX¥ is a finite statemachineaugmentedby onereversal-boundedcounter. It is obvious
that JX¥ faithfully simulatesJ . A configurationÅ canbeencodedasastringcomposed
of thecontrolstateÅ�Î , thecurrenttime � È ¼ (asaunarystring),andthehistoryconcate-
natedby thevaluesof �dW^p at time

�u! ¬ ! ��È ¼ . All componentsareseparatedby a
delimiter“#” asfollows:> ÈlÏCj�Ð ¢ j B0BCB j�Ð £gÑ ¼ j > £ Ñ ¼
whereÐ[Ò is abinarystringwith length E p E indicatingthevaluesof all �tW~p at ¬ . Thus,
a setof configurationscanbe consideredasa language.Denote Ë » to be the setof
configurationsÅ with ¹uÊ Å . Then,

Theorem4. Ë » canbeacceptedbyareversal-boundednondeterministicmulti-counter
machine.

1 We simply use Ó to indicatethecurrentvalueof ÔuÕ~Ó supposingthe“current time” canbe
figuredout from thecontext.

2 Each ÖP×Ø by definitioncorrespondsto a past-formula.Theinitial valueof Ö:×Ø canbecalculated
by replacing Ù7Ú0Û in the formula with 0. The initial value,therefore,only dependsuponthe
initial valueof Ô)Õ%Ó .



Sincethereareonlyfinitely many initial configurations,Ë 1X< �(¹ � Å � s ¹ initial � Å W
Ë » F canbeacceptedby areversal-boundednondeterministicmulti-countermachine.

Theorem5. Ë canbeacceptedby a reversal-boundednondeterministicmulti-counter
machine.

Thereasonthatpastmachinesaresimpleis that they containonly closedpastfor-
mulas.Thus,wehaveto extendpastmachinesby allowing a numberof clockvariables
in thesystem,asshown in thenext section.

5 Past Pushdown Timed Automata: A Mor eComplex Case

Pastmachinescanbeextendedby allowing extra freevariables,in additionto ����� , in
an enablingcondition.We use Ü 1Ý< v ���CB0BCBH� v I F�Þ q to denotethe variablesother
than ����� . A pastpushdowntimedautomatonJ is a tuple �om � p � Ü � M �S²ß� �����$� where
m and p arethesameasthosefor a pastmachine.Ü is a finite setof clocksand M is a
finite stackalphabet.�����KkW�Ü . Eachedge,from state³ to state³3¥ , in ² is denotedby
�o³ �Sà��Q´�� &.á � áP¥ / �A¶Ç� ³0¥i� � ¶ and ´ have thesamemeaningasin a pastmachine,thoughthe
enablingcondition ¶ maycontain,in additionto ����� , free(clock)variablesin Ü . à"Þ Ü
denotesasetof clock jumps.3 à maybeempty. Thestackoperationis characterizedby
a pair &(á � áP¥ / with á�W
M and áP¥µW~MON . Thatis, replacingthetop symbolof thestacká
by a word áP¥ . A configuration¹ of J is a tuple �o¹ º � ¹ � � ¹{â � ¹�ã\� where ¹ º is a state,
¹ � is a historyasdefinedin a pastmachine,and ¹°â�W�&Æ]2� / ª â ª is a valuationof clock
variablesÜ . Weuse¹°ä to denotethevalueof v%W^Ü underthisconfiguration.¹�ã�WdM�N
indicatesthestackcontent.

¹ 4+½·¾ � åS� ¿g�æ�Uç�� ç Â �è� ÀÁ� ¾ÃÂ·Ä�Å denotesaone-steptransitionalongedge�Æ³ �Aà��A´µ� &(á � áP¥ / �S¶'� ³3¥·�
in J satisfying:

– Thestate³ is setto a new location,i.e., ¹ º 1 ³ � Å º 1 ³0¥ �
– Theenablingconditionis satisfied,i.e., � ¶ � »L¼ � ��� »:é �Ãâ � holdsfor any � . That is, ¶

is evaluatedunderthehistory ¹ � andreplacingeachfreeclock variable vuW�Ü by
thevalue ¹ ä in theconfiguration¹ .

– Eachclockchangesaccordingto theedgegiven.ê If à 1�ë , i.e., thereareno clock jumpson the edge,thenthe now-clock pro-
gressesby onetime unit. Thatis, � È ¼�1 � » ¼O6+> . All theotherclocksdo not
change;i.e., for eachv%W
Ü , Å ä 1 ¹ ä .ê If à k1Ýë , thenall the clocks in à jump to ����� , andthe otherclocksdo not
change.That is, for each vìW à , Å ä 1 � » ¼ . In addition, for each v±kW à ,Å ä 1 ¹°ä , andtheclock ����� doesnot progress,i.e., �µÈ ¼ 1 � » ¼ .

– Thehistoryis updatedsimilarly asfor pastmachines.Thatis,ê If à 1íë , then ����� progresses,for all �YWîp , for all ¬ , �±! ¬ ! � »?¼ ,� � � È ¼ &(¬ /21ï� � �C»L¼ &.¬ / , and � � � È ¼ &(�µÈ ¼�/21 ´ &(� / .
3 Herewe useclock jumps(i.e., ð�ñ òóÙ7Ú0Û ) insteadof clock resets( ð�ñ òõô ). The reasonis

that,in this way, thestarttime of a transitioncanbedirectlymodeledasa clock.Obviously, a
transformfrom ð to Ù7ÚCÛ�ödð will give a ”traditional” clock with resets.



ê If à k1÷ë , then ����� doesnotprogress,for all �uW~p , for all ¬ , �%! ¬ ! � »L¼ � > ,� � � È ¼ &(¬ /21ï� � �C»L¼ &.¬ / , and � � � È ¼ &(�µÈ ¼�/21 ´ &o� / . Thus,eventhoughthenow-
clock doesnot progress,the currentvaluesof variables�ìW`p may change
accordingto theassignment´ .

– Accordingto thestackoperation&.á � áP¥ / � thestackword ¹°ã is updatedto Å ã .

¹ is initial if the stackword is emptyandall clocksincluding ����� are0. Similar
to thecasefor pastmachines,we define ¹~Ê Å and Ë . Again, Ë canbeconsideredas
a languageby encodinga configurationinto a string.Themainresultin this sectionis
that Ë canbeacceptedby a reversal-boundedNPCM.Themajordifferencebetweena
pastmachineanda pastpushdown timed automatonis that the enablingconditionon
anedgein thepastpushdown timedautomatonis notnecessarilyaclosedpastformula.
The proof, which canbe found in [14], shows that an enablingcondition ¶ with free
variablesin Ü canbemadeclosed.

Theorem6. Ë for a pastpushdowntimedautomatoncan be acceptedby a reversal-
boundedNPCM.

The importanceof the automata-theoreticcharacterizationof Ë is that the Pres-
burgersafetypropertiesover clocksandstackword countsaredecidable.We use Å to
denotevariablesrangingover configurations.We use ø �Aù7�Sú to denotevariablesrang-
ing over control states,clock valuesandstackwords,respectively. Note that Å ä h , Å Î
and Å ã arestill usedto denotethe valueof clock v Z , the control stateand the stack
word of Å . We usea countvariable j � & ú / to denotethe numberof occurrencesof a
character�~W^M in a stackword variable ú . An NPCM-term ¬ is definedasfollows: 4

¬ sis 1 � E ø Elû�E j � & Å ã / E Å�x h E Å Î E ¬2��¬ E ¬ 6 ¬ , where � is an integerand ��W�M .
An NPCM-formulaü is definedasfollows: ü sUs 1 ¬ � � E ¬ mod � 1 � E3� ü E ü } ü �
where��k1 �

is aninteger. Thus, ü is aPresburgerformulaovercontrolstatevariables,
clock valuevariablesandcountvariables.The Presburger safetyanalysisproblemis:
givena pastpushdown timedautomataandanNPCM-formula ü , is therea reachable
configurationsatisfying ü ? FromTheorem1, Theorem2, Theorem6, andtheproof of
theTheorem10 in [20], wehave,

Theorem7. ThePresburgersafetyanalysisproblemfor pastpushdowntimedautomata
is decidable.

Becauseof Theorem7, thefollowing statementcanbeverified:
“A givenpastpushdown timedautomatoncanreachaconfigurationsatisfyingv � �

v � 6 @ v � � j � &.� / � 8 j9ý3&.� / .”
wherev � , v � , and v � areclocksand � is thestackword in theconfiguration.Obviously,
Theorem6 andTheorem7 still hold whena pastpushdown timed automatonis aug-
mentedwith anumberof reversal-boundedcounters,i.e.,apastreversal-boundedpush-
down timedautomaton.Thereasonis asfollows. In theproof of Theorem6, clocksin
a pastpushdown timedautomatonaresimulatedby reversal-boundedcounters.There-
fore, by replacingpast-formulasin a pastpushdown timed automatonwith Boolean

4 Control statescanbe interpretedover a boundedrangeof integers.Therefore,an arithmetic
operationoncontrolstatesis well-defined.



formulasin the proof, a pastpushdown timed automatonis simulatedby a reversal-
boundedNPCM. Whena numberof reversal-boundedcountersareaddedto the past
pushdowntimedautomaton,theautomatoncanstill besimulatedby areversal-bounded
NPCM: clocks are simulatedby reversal-boundedcountersand the addedreversal-
boundedcountersremain.Hence,Theorem6 andTheorem7 still holdfor pastreversal-
boundedpushdown timedautomata.An unrestrictedcounteris aspecialcaseof apush-
down stack.Therefore,theresultsfor pastreversal-boundedpushdown timedautomata
imply the sameresultsfor past timed automatawith a numberof reversal-bounded
countersandanunrestrictedcounter. Theseresultsarehelpful in verifying Presburger
safetypropertiesfor history-dependentsystemscontainingparameterized(unspecified)
integerconstants,asillustratedby theexamplein thenext section.

6 An Example

Thissectionshows thepossibilityof verifying anASTRAL specification[28] of a rail-
roadcrossingsystem,which is ahistory-dependentandparameterizedreal-timesystem
with a Presburgersafetypropertythat needsto be verified.The systemdescriptionis
taken from [22]. The systemconsistsof a setof railroadtracksthat intersecta street
wherecarsmaycrossthetracks.A gateis locatedat thecrossingto preventcarsfrom
crossingthe trackswhena train is near. A sensoron eachtrack detectsthe arrival of
trains on that track. The critical requirementof the systemis that whenever a train
is in the crossingthe gatemustbe down, andwhenno train hasbeenin betweenthe
sensorsandthecrossingfor areasonableamountof time,thegatemustbeup.Thecom-
pleteASTRAL specificationof therailroadcrossingsystemcanbefoundin [28] andat
http://www.cs.ucsb.edu/   dang . The ASTRAL specificationwasprovedto
becorrectby usingthePVS-basedASTRAL theoremprover [28] andwastestedby a
bounded-depthsymbolicsearchtechnique[17,18].

The ASTRAL specificationlooks at the railroadcrossingsystemas two interac-
tive modulesor processspecifications:Gate andSensor . Eachprocesshasits own
(parameterized)constants,local variablesandtransitionsystem.Requirementdescrip-
tionsarealsoincludedasa partof a processspecification.They compriseaxioms,ini-
tial clauses,importedvariableclauses,environmentalassumptionsandcritical require-
ments.An axiomis usuallyusedto specifyapropertyaboutconstants.An initial clause
definesthepossiblesystemstatesat startuptime. An importedvariableclausedefines
the propertiesthe importedvariablesshouldsatisfy, for instance,patternsof changes
to the valuesof importedvariablesandtiming informationabouttransitionsexported
from otherprocesses.ASTRAL usesenvironmentalassumptionsto characterizetheen-
vironment.An environmentclauseformalizesthe assumptionsthat musthold on the
behavior of the environmentto guaranteesomedesiredsystemproperties.Typically,
it describesthe patternof invocation(Call s) of exportedtransitions.The critical re-
quirementsincludeinvariantclausesandscheduleclauses.An invariantexpressesthe
propertiesthatmusthold for every stateof thesystemthat is reachablefrom theinitial
state,no matterwhatthebehavior of theexternalenvironmentis. A scheduleexpresses
thepropertiesthatmustholdprovidedtheexternalenvironmentandtheotherprocesses
in the systembehave asassumed(i.e., asspecifiedby the environmentalassumptions



andtheimportedvariableclauses).Theimportedvariableclausecanberegardedasan
abstractionof thebehaviorsof theotherprocesses.Thisfeaturehelpsto developamod-
ular verificationtheory. For example,verifying the scheduleandthe invariantof each
processinstanceusesonly theprocess’s localassumptionsandbehaviors.Thus,verify-
ing thelocal invariantusesonly thebehaviorsof transitionsof theprocessinstance,and
verifying thelocalscheduleusestheprocess’s localenvironmentandimportedvariable
clause,plusthebehaviorsof theprocess’s transitions(without looking at thebehaviors
of all the otherprocessinstances).Finally, becausethe importedvariableclausemust
bea correctassumption,it needsto beverifiedby combiningall theinvariantsfrom all
theotherprocessinstances.

ASTRAL is a rich languageandhasstrongexpressive power. For a detailedintro-
ductionto ASTRAL andits formal semanticsthereaderis referredto [11,13,28]. For
thepurposeof thispaper, wewill show thattheGate processcanbemodeledasapast
pushdown timedautomatonwith reversal-boundedcounters.By usingtheresultsin the
previoussection,a Presburgersafetypropertyspecifiedin Gate canbeautomatically
verified.

We look at an instanceof the Gate processby consideringthe specificationwith
onerailroadtrack (i.e., n track =1, andthereforethereis only oneSensor process
instance.)andassigningconcretevaluesto parameterizedconstantsasfollows(in order
to make theenablingconditionsin theprocessin theform of pastformulas):

raise dur =1,up dur =1, lower dur =1,down dur =1,
raise time =1, lower time =1, response time =1,RIImax =6.

But two constantswait time andRImax remainparameterized.

~ train_in_R

raised raising

lowering lowered

train_in_R

{z}

train_in_R

~train_in_R

{y}

n1 n2

n3 n4

n5 n6

train_in_R

~train_in_R

now-y >= raise_time

now-z >= lower_time

now-z < lower_time

now-y < raise_time

Fig.1. Thetransitionsystemof a Gate instancerepresentedasa timedautomaton

Thetransitionsystemof theGate processcanberepresentedasthetimedautoma-
tonshown in Figure1.Thelocalvariableposition in Gate hasfour possiblevalues.
They areraised , raising , lowering and lowered , which arerepresentedby
nodes� ��� � �g� � � and � � in thefigure,respectively. Therearetwo dummynodes��þ and



��ÿ in thegraph,which will bemadeclearin a moment.Theinitial nodeis � � . That is,
theinitial positionof thegateis raised .

The transitionslower, down, raise andup in theGate processarerepre-
sentedin thefigureasfollows. Eachtransitionincludesa pair of entryandexit asser-
tions with a nonzerodurationassociatedwith eachpair. The entry assertionmustbe
satisfiedat the time the transitionstarts,whereasthe exit assertionwill hold after the
time indicatedby thedurationfrom whenthetransitionfires.Thetransitionlower ,

TRANSITION lower
ENTRY [ TIME : lower_dur ]

˜ ( position = lowering | position = lowered )
& EXISTS s: sensor_id ( s.train_in_R )

EXIT
position = lowering,

correspondsto theedges�(� ��� ��þ0� and �(��þ � � � � , or theedges�(� �l� ��þ3� and �.��þ � � � � . The
clock v is usedto indicatethe end time ����� &����	��
�� / (of transition lower ) usedin
transitiondown. Whenever thetransitionlower completes,v jumpsto ����� . Thus,a
dummynode ��þ is introducedsuchthat v jumpson the edge �.��þ � � � � to indicatethe
endof the transitionlower . On an edgewithout clock jumps(suchas �(� ��� ��þ0� and
�.� �l� ��þ0� ), ����� progressesby onetime unit. Thus,thetwo edges�.� �l� ��þ3� and �.� �?� ��þ3�
indicatethe duration lower dur of the transition lower (recall the parameterized
constantlower dur wassetto be1.).

Similarto lower , transitionraise correspondsto theedges�(� � � ��ÿ0� and �.��ÿ � � � � ,
or theedges�.� � � ��ÿ3� and �(��ÿ � � � � . Theclock � is usedto indicate����� &�������	
 / usedin
transitionup . A dummynode � ÿ is introducedsuchthat � jumpson theedge �.� ÿ � � � �
to indicatethe endof the transitionraise . The other two transitionsdown andup
correspondto theedges�.��� � �¤��� and �(� � � � � � , respectively. Idle transitionsneedto be
addedto indicatethebehavior of theprocesswhenno transitionis enabledandexecut-
ing. They arerepresentedby self-loopson nodes� � � � � � ��� and �¤� in thefigure.

Besidesvariableposition , Gate hasan importedvariabletrain in R to in-
dicatean arrival of a train. Notice that we have only oneSensor processinstance.
Thus,the importedvariables.train in R in the specificationis simply written as
train in R. Gate hasno controlover theimportedvariable.That is, train in R
canbeeithertrueor falseat any giventime, eventhoughwe do not explicitly specify
this in thefigure.Thefollowing sequenceof tuplesof variables� (rangingovernodes),
position, train in R, now, v and � is anexecutionof theautomatonin Figure
1:

�.� 1 � �l��� �����������	� 1 ��������
�� � ��������� ��� � 1�� �����	
 � ����� 1 � � v 1 � � � 1 � �½ ��! � ��!'Ä� 4
�.� 1 � � �"� �������#����� 1 �������	
�� � ��������� ��� � 1$� ������
 � ����� 1`> � v 1 � � � 1 � �½ � ! � � ! Ä� 4
�.� 1 � � �"� �������#����� 1 �������	
�� � ��������� ��� � 1 ����%�
 � ����� 1 @P� v 1 � � � 1 � �½ � ! � ��&AÄ� 4
�.� 1 ��þ �"� �������#����� 1 �������	
�� � ��������� ��� � 1$� ������
 � ����� 1 R7� v 1 � � � 1 � �



½ � & � ��'AÄ� 4 (afterthisedgeis fired, v jumpsand,sinceclock jumpstake no time,
train in Rdoesnot change.)

�.� 1 ��� �"� �������#�(�	� 1 ���	��
�������) � ��������� ��� � 1$� �����	
 � ����� 1 R7� v 1 R7� � 1� � �
The automatonwalks along the path �.� ��� � � � � �(� ��� � � � � �.� ��� ��þ0� � and �.��þ � � � � while
the importedvariabletrain in R demonstratesthevalue

r � ¶ ³3Ì at ����� 1 � � > � andR , andvalue ¬+*3® Ì at ����� 1 @ . But this sequenceis not an intendedexecutionof the
Gate process.Thereasonis asfollows. train in R hasvalue ¬+*�®�Ì at ����� 1 @ . At
����� 1 R , it changesto

r � ¶ ³3Ì . This changeis too fast,sincethe gateposition at
����� 1 R is lowering whenthechangehappens.At ����� 1 R , thetrain hadalready
crossedtheintersection.This is bad,sincethegatewasnot in thefully loweredposition
lowered . Thus,theimportedvariableclauseis neededto placeextrarequirementson
thebehaviorsof theimportedvariable.Therequirementessentiallystatesthatoncethe
sensorreportsa train’s arrival, it will keepreportinga train at leastaslong asit takes
the fastesttrain to exit theregion. By substitutingfor theparameterizedconstantsand
noticingthatthereis only onesensorin thesystem,theimportedvariableclausein the
ASTRAL specificationcanbewrittenas

�����-, > , � ���(�¤&�������.� ��� � � �����+� >3/�1 ¬+*�®�Ì-,/��������� ��� � 1 r � ¶ ³0Ì4
�����-,+* , � ¬H&.¬0,������+��*-,�¬�	5����� 4 � ���(�¤&��������� ��� � � ¬ /�1 ¬+*�®�Ì / �

We use
r

to denotethisclause.It is easyto seethat
r

is apastformula.Figure1 canbe
modifiedby adding

r
to theenablingconditionof eachedge.Theresultingautomaton

is denotedby J , asshown in Figure2.

raised raising

lowering lowered

{z}

n1 n2

n3 n4

n5 n6

f & ~ train_in_R

f & train_in_R {y}      f

f & ~train_in_R

f & train_in_R

f

f & train_in_R

f & ~train_in_R

f & now-y >= raise_time

f & now-y < raise_time

f & now-z < lower_time

f & now-z >= lower_time

Fig.2. Thetransitionsystemin Figure1 undertheimportedvariableclause1 of Gate

It is easyto checkthat J doesrule out theexecutionsequenceshown above.Now
weuseclock � to indicatethe(last)changetimeof theimportedvariabletrain in R.
A propermodificationto J canbe madeby incorporatingclock � into the automa-
ton. The resultingautomaton,denotedby JX¥ , is a pastpushdown timed automaton
without the pushdown stack.Recall that the processinstancehastwo parameterized



constantswait time and RImax . Therefore, JX¥ is augmentedwith two reversal-
boundedcounterswait time andRImax to indicatethe two constants.Thesetwo
countersremainunchangedduring thecomputationsof J ¥ (i.e., 0-reversal-bounded).
They arerestrictedby theaxiomclause of theprocess:

wait_time >= raise_dur + raise_time + up_dur
& RImax >= response_time + lower_dur +

lower_time + down_dur + raise_dur
& RImax >= response_time + lower_dur +

lower_time + down_dur + up_dur

recallingthat all the constantsin the clausehave concretevaluesexceptwait time
andRImax .

Thefirst conjunctionof thescheduleclauseof theprocessinstancespecifiesasafety
propertysuchthat the gatewill be down beforethe fastesttrain reachesthe crossing.
Thatis,

&��������� �.� � 1 ¬+*�®�Ì�,ó�����+���2,3�#465���7e� >3/�4 � �����������	� 1 ���	��
���
�� �
We use8 to denotethis formula.Notice that 8 is a non-region property(sinceRImax
is a parameterizedconstant).Verifying this partof thescheduleclauseis equivalentto
solving thePresburgersafetyanalysisproblemfor JX¥ (augmentedwith two reversal-
boundedcounters)with thePresburgersafetyproperty  4 8 over theclocksandthe
reversal-boundedcounters.Fromtheresultof theprevioussection,thispropertycanbe
automaticallyverified.

7 Conclusions

Weconsiderpastpushdown timedautomatathatarediscretepushdown timedautomata
[20] with past-formulasasenablingconditions.Usingpastformulasallowsapastpush-
down timed automatonto accessthepastvaluesof thefinite statevariablesin the au-
tomaton.Weprovethatthereachability(i.e.,thesetof reachableconfigurationsfrom an
initial configuration)of a pastpushdown timedautomatoncanbeacceptedby anonde-
terministicreversal-boundedcountermachineaugmentedwith a pushdown stack(i.e.,
a reversal-boundedNPCM). By usingthe known fact that the emptinessproblemfor
reversal-boundedNPCMsis decidable,we show that model-checkingpastpushdown
timedautomataagainstPresburgersafetypropertieson discreteclocksandstackword
countsis decidable.An exampleASTRAL specificationis presentedto demonstratethe
usefulnessof theresults.

The authorswould like to thankP. SanPietroandJ. Su for discussions.The AS-
TRAL specificationusedin this paperwaswrittenby P. Kolano.
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