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Abstract. We investigatethe Preshirgerlivenesgproblemsfor nondeterministic
reversal-boundedhulticountermachinewith afreecounteNCMFs).We shav
thefollowing:

— The 3-Preshirgeri.o. problemand the 3-Preslirgereventual problemare
bothdecidable So aretheir duals,the V-Preslurgeralmost-alvaysproblem
andtheV-Preslirgeralwaysproblem.

— The V-Preshirgeri.o. problemand the V-Preslirgereventual problemare
both undecidableSo aretheir duals,the 3-Preslirgeralmost-alvays prob-
lem andthe 3-Preshurgeralwaysproblem.

Theseresultscan be usedto formulatea weak form of Preshrger linear tem-
porallogic anddevelop its model-checkingheoriesfor NCMFs. They canalso
be combinedwith [12] to studythe samesetof livenesgproblemson anextended
form of discreteimedautomatacontaining besideslocks,anumberof reversal-
boundedctountersanda freecounter

1 Intr oduction

An infinite-statesystemcan be obtainedby augmentinga finite automatorwith one
or moreunboundedstoragedevices. The devicescanbe, for instancecountergunary
stacks) pushdaevn stacks,queuesand/orTuring tapes.However, aninfinite-statesys-
tem can easily achieve Turing-completenes.g.,whentwo countersare attachedo
a finite automaton(resultingin a “Minsky machine”).For thesesystemsgvensimple
problemssuchasmembershi@reundecidable.

In the areaof model-checkingthe searchfor (efficient) techniquedor verifying
infinite-statesystemsasbeenanongoingresearcteffort. Much work hasbeendevoted
to investigatingvariousrestrictedmodelsof infinite-statesystemshatareamenabldo
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automaticverification. The work is motivatedby the successesf “efficient” model-
checkingtechniquedor finite-statesystemsuchashardwaredevicesandreactive sys-
tems[20], andthe needfor developing practicaltechniquedor decidingverification
propertiesof infinite-statesystems.

The infinite-statemodelsthat have beeninvestigatednclude timed automatg[1],
pushdevn automatd3, 14], variousversionsof countermachined5, 13,18], andvari-
ousqueuemachineg2,4,16,17,21].

Countermachinesare considereda naturalmodelfor specifyingreactve systems
containingintegervariables They have alsobeenfoundto have a closerelationshipto
otherpopularmodelsof infinite-statesystemssuchastimedautomatd1l]. In [6], it was
shavn that,asfar asbinaryreachability(the setof configurationpairssuchthatonecan
reachthe other)is concerneda timed automatorcanbe transformednto a particular
type of countermachinewithout nestedcycles[5]. In contrastto [6], timed automata
(with discretetime) aremappedo countermachineswith reversal-boundedountersn
[8]. In the caseof densdime, the samemappingappliesusingsomepatterntechnique
[7].

Thus,studyingvariousrestrictedmodelsof countermachinesnayhelpresearchers
to develop verification theoriesconcerninginfinite-state systemssuch as timed au-
tomataaugmentedvith unboundedtoragd8].

In this paper we focuson a classof restrictedcountermachinesgallednondeter
ministic reversal-boundednulticountermachineswith a free counter(NCMFs). More
precisely an NCMF M is a nondeterministidinite automatoraugmentedwith a fi-
nite numberof reversal-boundedounterqthus,in ary computationgachcountercan
changemodefrom nondecreasintp nonincreasin@ndvice-versaat mostr timesfor
somegiven nonngative integer r) andone free counter(which neednot be reversal-
bounded) A fundamentalesultis thatthe emptinesgproblemfor languagesccepted
by NCMFsis decidablg15]. But herewe do notuseNCMFsaslanguageecognizers;
instead,we areinterestedn the behaiors they generateSo, unlessotherwisespeci-
fied,an NCMF hasno input tape.Reversal-boundedountersareusefulin verification
of reactve systemsFor instancea reversal-boundedountercanbe usedto countthe
numberof timesa particularexternaleventoccursin a reactve system- in this case,
thecounteris simply O-reversal-bounded,e., non-decreasingillowing afree counter
togethemwith otherreversal-boundedountersmakesthereactie systeminfinite-state.
More applicationissuesof NCMFsandtheresultsin this papercanbefoundattheend
of the paper

The studyof safetypropertiesandlivenesgpropertiesof infinite-statesystemss of
greatimportancen the areaof formal verification.Safetypropertiedook atonly finite
(execution)paths;mostlythey canbereducedo reachabilityproblems.in [18], it was
shavn that the Preslurger safetyanalysisproblemis decidablefor NCMFs andtheir
generalizationsA typical exampleof a Preshurger safetypropertythatwe might want
to verify for anNCMF M with counterse,, 22 andz is the following: Startingfrom
countewvaluessatisfyingz; —x2+3x3 > 5, M canonly reachcountervaluessatisfying
T1 + 219 — 43 < 8.

In this paper we systematicallystudy a numberof Preshirger livenessproblems
for NCMFs.An exampleis a 3-Preslurgeri.o. problemlike: GivenanNCMF M with



counterse,, x2 andzs, doesthereexist anw-path(i.e., infinite executionpath)p for A
suchthatz;, + 225 — 4z3 < 8 is satisfiedon p infinitely often?Theresearctpresented
in this paperis inspiredby therecentwork in [12] thatinvestigateshe samesetof Pres-
burger livenessproblemsfor discretetimed automataBut the techniquesve develop
herearecompletelydifferentfrom onesin [12]. Clocksin a discretetimed automaton,
whenconsideredas countersare synchronousSo, in someway, a discretetimed au-
tomatoncanbetreatedasareversal-boundecdhulticountermachinelanNCMF without
thefreecounter)[8]. Theability of anNCMF to useafreecountermakesthe Preslirger
livenesgproofsmuchmore complicated.The main resultsof this papershav thatthe
3-Preshurgeri.o. problemis decidablefor NCMFs. This resultleadsus to conjecture
thatthe3-Preslurgeri.o. problemis alsodecidabldor (discretetimed) pushdevn pro-
cessesvhenthe countson individual stacksymbolsarepartof the Preslirgerproperty
beingverified[8].

Thepapelis organizedasfollows. Section2 introduceghemaindefinitions.Section
3 shaws the decidability of the 3-Preslurgeri.o. and 3-Preshurgereventualproblems.
Section4 generalizeshe proofsin [12] to shav theundecidabilityof the V-Preslirger
i.0. andtheV-Preslirgereventualproblems Section5 is a conclusion.

2 Preliminaries

Let X = {zo,---,z+} beafinite setof integer variables.Formula Xo<;<ra;z;#b,
wherea; andb areintegers,is calledan atomiclinear constaint, if # is > or =. The
formulais calledan atomic mod-constaint, if # is =4 for somed > 0. A linear-
conjunctionis a conjunctionof a finite numberof atomiclinear constraintsA linear-
mod-conjunctioris a conjunctionof a finite numberof atomiclinear constraintsand
atomic mod-constraintslt is well known that a Preslurger formula [19] (first-order
formulaoverintegerswith addition)canalwaysbewritten asadisjunctive normalform
of atomiclinear constraintsand atomic mod-constraintsi.e., a disjunctionof linear
mod-conjunctionsA setP is Preshurger-definableif thereexistsa Preslirgerformula
F on X suchthat P is exactly the setof thesolutionsfor X thatmake F' true.lIt is well
known thatthe classof Preshirgerdefinablesetsdoesnot changef quantificationsare
allowed.Hence whenconsideringPrestirgerformulas,we will allow quantifiersover
integervariables A standad teston X is a Booleancombinationof atomictestsin the
form of x#tc, where# denotes<, >, <, >, or =, cis aninteger, x € X. Let Tx bethe
setof all standardestson X.

A nondeterministienulticountermachingNCM) M is anondeterministienachine
with afinite setof (control) statesanda finite numberof integercountersEachcounter
canadd1, subtractl, or stayunchangedM canalsotestwhethera counteris equal
to, greaterthan,or lessthananintegerconstanby performinga standardest. Without
lossof generalityin this papemwe considerM withouteventlabelsontransitionssince
thesdabelscanbebuilt into the controlstates.

Formally, a nondeterministienulticountermadine (NCM) M is atuple (S, X, E)
where S is a finite setof (contwl) states X is a finite setof integer counters,and
E C S x Tx x {—1,0,1}XI x S is afinite setof edgesor transitions Eachedge
(s, t,incr, s') denotesa transitionfrom states to states’ with ¢ € 7x beingthe test



or the enablingcondition.incr € {—1,0, 1}/X| denoteshe effect of the edge:each
counterin X is incrementedy theamountspecifiedn vectorincr.

Thesemanticof NCMs s definedasfollows. We useV to denotecountervectors
(i.e., vectorsof countervalues) We useV ; to denotethevalueof counterz; in V, for
0 < i < k. A configuation (s, V) € S x ZX! is a pair of a control states anda
countervectorV. (s, VY= (s', V') denotesa one-stegransitionfrom configuration
(s, V') to configuration(s’, V') satisfyingthefollowing conditions:

— Thereis anedge(s, t, incr, s') in M connectingstates to states’,
— Theenablingconditionof theedgeis satisfiedthatis, t(V') is true,
— Eachcounterchangesccordingto theedge,i.e.,V' =V +incr.

A pathis afinite sequence
<307 VO) e <5n7 Vn)

suchthat (s;, V) = (siy1, VL) for each0 < i < n — 1. An w-pathis aninfi-
nite sequencésg, V°) - - - (s,,, V") - - - suchthateachprefix (sg, V°) - - - (s,,, V") isa
path.We write (s, V') ~ s (s', V') if theconfiguration(s, V') reacheghe configura-
tion (s’, V') throughapathin M. Thebinaryrelation~» , is calledbinary reacability.

It is well known thatcountemrmachineswith two countershave anundecidabléalt-
ing problem.Thus,in orderto investigateary nontrivial decidableverificationproblems
for NCMs, we have to restrictthe behaviors of the counters A counteris r-reversal-
boundedf it changesnodebetweemondecreasingndnonincreasingtmostr times.
For instancethefollowing sequencef countervalues:

0,0,1,1,2,2,3,3,4,4,3,2,1,1,1,1, - - -

exhibits only one counterreversal. M is reversal-boundedf eachcounterin M is
r-reversal-boundedor somer. M is a reversal-boundedNCM with a free counter
(NCMF) if M hasa numberof reversal-boundedountersandan unrestricteccounter
(thatneednot be reversal-boundedfrom now on, an NCM (NCMF) refersto a ma-
chine with reversal-boundedounters(and one free counter).We assumehroughout
thatwheneverwe aregivenanNCM (NCMF), thereversal-bound is alsospecified.

A fundamentalesultfor NCMFsis thatthe binary reachabilityis Preslurger. This
characterizatiors quiteuseful,sinceit is well known thattheemptinessindthevalidity
problemsfor Presliurgerformulasaredecidable.

Theorem 1. Thebinary readability is effectivelyPreshurger definablefor a reversal-
boundedhondeterministienulticountermadinewith a freecounter[15, 18]

This fundamentatesultallows usto automaticallyerify a Preshurger safetyanal-
ysisproblemfor anNCMF M [8, 18]: from configurationsn I, M canonly reachcon-
figurationsin P, wherel and P are Preslurger definablesetsof configurationsThis
problemis equivalentto -3a38(a € I A a ~p B A B € =P), which,from Theorem
1, is Preslurgerandthereforedecidable.

In this paper we systematicallyinvestigatePreshurger livenessanalysisproblems
for NCMFshy consideringheir w-paths We follow the notationsin [12]. Let M bean
NCMF, I andP betwo Preshirgerdefinablesetsof configurationsandp beanw-path
(80, VO)---(s,, V™) ---. Wesaythatp startsfrom I if (sq, V) € I. Define



— pis P-i.o. if P is satisfiedinfinitely often on the w-path,i.e., thereareinfinitely
mary n suchthat(s,, V") € P.

— pis P-alwaysif for eachn, (s,,, V") € P.

— pis P-eventualif thereexistsn suchthat(s,,, V™) € P.

— pis P-almost-alwaysf thereexistsn suchthatfor all n' > n, (s,,, V™) € P.

The 3-Preslurgeri.o. (resp.always, eventualand almost-alvays) problemfor NCMF
M is to decidewhetherthe following statemenholds:

thereis an w-pathp startingfrom I thatis P-i.o. (resp.P-always,P-eventualand
P-almost-always).
The V-Preslurgeri.o. (resp.always, eventualand almost-alvays) problemfor NCMF
M is to decidewhetherthe following statemenholds:

for everyw-pathp, if p startsfrom I, thenp is P-i.o. (resp.P-always,P-eventual
and P-almost-always).

We useX to denotethe vectorof thek + 1 counterseg, z1,- - -, 2 iIn M, with zq
thefreecounterandwith x4, - - -, 2, thereversal-boundedounters.

3 DecidableResults

In this section,we show thatboththe 3-Preslirgeri.o. problemandthe 3-Preshirger
eventualproblemaredecidablgor NCMFs.

3.1 The 3-Presturger-i.o. problemis decidable

The 3-Preshirgeri.o. problemis to determinethe existenceof an w-pathp (calleda

witnes$ (sg, V) - - - (s, V™) - - - of anNCMF M suchthatp is P-i.0. with respecto

I. SinceP is a Preshirger definablesetof configurationspy definition, P(X, s) can
bewritten in a disjunctive normalform, \/ P;(X, s), whereeachP;(X, s) is alinear

mod-conjunctiorof atomiclinearconstraint@andatomicmod-constraintsver counters
andcontrol stateqcontrol statesareencodecasboundedntegers)in M. Obviously, p

is P-i.o. iff p is P;-i.0. for somei. Thereforewithout lossof generality we assumeP

itself is alinearmod-conjunction.

Thereare only finitely mary control statesS = {31,---, 8} in M. Therefore,
P(X,s) canbewrittenas\/; .45 = §; A P(X,3;). pis P-i.0.iff pis P(-,3;)-i.0.
on somecontml states;: thereareinfinitely mary n suchthats,, = §; andP(V™, §;).
Thereforethe3-Preshirgeri.o. problemis reducedo the problemof decidingwhether
thereexist a control states anda witnessp startingfrom I suchthatp = (so, V) ---
{8p, V™) ---is P-i.0. on s, whereP is alinearmod-conjunctioron countersX only.
Assumethat P(X) is Plinear( X) A Pm°d( X)), where P'i"e2" js a linearconjunction
over X andP™°4 ijs amod-conjunctiorover X . Thefollowing lemmastateghat,asfar
asaninfinite often propertyis concernedP™°¢ canbe eliminatedby building “mod”
into the controlstatesof M.

Lemmal. Given M —an NCMF with countes X and with contmol statesS, I —a
Preshurger-definablesetof configumationsof M, P —alinear-mod-conjunctiorover X,
ands —a control statein S, we caneffectivelyconstructM’ —an NCMF with countes



X andwith control statesS’, I' — a Preshurger-definablesetof configuationsof M,
P’ —alinear-conjunctionover X, ands’ —a contmol statein S’, suc thatthefollowing
two statementsire equivalent:

— In M, there existsa witnessp startingfrom I sudh thatp is P-i.0. on states,
— In M, there existsa witnessp' startingfrom I’ suc thatp' is P’-i.0. on states’.

Becausef Lemmal, it sufiicesto investigateheexistenceof a P-i.0 withessp on state
s with P in theform of alinearconjunctionoverm linearconstraints:

D" aymi#b (1)
0<i<k
where#; standsfor > or =, for 1 < j < m. We useA, #, andb to denotethe
coeficient matrix (m by k + 1) of a;;, the column(m by 1) of comparisong#;, and
thecolumn(m by 1) of numbersh;. Thus,P shovnin (1) canbewritten as

AX+#b. 2

We say(k + 1)-aryvector A is P-positiveif A A > 0. Fromdefinition,anw-pathp of
(30, V) (s, V™) .- is adesiredwitnessiff thefollowing conditionsaresatisfied:

(10-1). p startsfrom I; i.e., I(sq, V) holds,
(I0-2). Thereare infinitely mary numbersny,---,n;,--- (with 0 < ny <
--- < m; < ---)suchthats,, = s andP(V ™) for eachi.

The following lemma statesthat condition (I0-2) can be strengthenedfor eachi,
Vnrit1 — V™ s P-positive.

Lemma 2. Let P bea linear conjunctionasin (2). Let s be a statein an NCMF M.
For anyw-pathp of M, condition(lO-2) is equivalento thefollowing condition:

(10-2'). There are infinitely manynumbes ny,---,n;,--- (With 0 < n; <
<o < my < ---)sudrthats,, = s, P(V™), andV™i+t — V™ js P-positive
for eadhi.

Up to now, we have not usedthe conditionthat counterszy, - - -,z arereversal-
boundedandthat counterzy is free. Let C' be the largestabsolutevalue of the inte-
ger constantsappearingn all the testsin M. The ideais that, on the w-pathp, each
reversal-boundeaounterwill eventually behare asa O-reversal-boundedi.e., either
nondecreasingr nonincreasingrounterafterthe lastreversalhasbeenmade.Oncea
reversal-boundedounterbeharesasO-reversal-boundedt will eitherstayunchanged
between—C andC forever, or move beyond C' (or —C) andnever comeback. That
is, thereis ng suchthateachreversal-boundedounterz;, 1 < ¢ < k, hasoneof the
following 2C + 3 modes

(MD1-c) with —C < ¢ < C. Foralln > ng, V2 = V! = ¢. Thatis, z; is
alwaysc thatis between—C andC afterny,

(MD2). Foralln > ng, C < VI < V#*+! Thatis, z; is nondecreasingnd
alwaysgreaterthanC,

(MD3). Foralln > ng, -C >V} > V?“. Thatis, z; is nonincreasingnd
alwayssmallerthan—C.



Let modevector@® € ({MD1-c : —C < ¢ < C} U {MD2,MD3})* assignto each
reversal-boundedounterz; amode@;. Eachw-pathp hasa uniquemodevector Now
we fix arny modevector.

M canbe effectively modifiedinto an NCMF M ¢ suchthatthe reversal-bounded
countersin M® behae accordingto the modevector 8. An edge(s',t,incr, s?) in
M is compatiblewith a modevector@, if, for eachreversal-boundedounterz; with
1 <4 < k, thefollowing conditionshold:

— If z; isin modeMD1-¢ for some—C < ¢ < C, x; will notchangeon the edge;
i.e.,incr; = 0if 8; =MD1-¢,

— If z; isinmodeMD2, z; will notdecreasentheedgej.e.,incr; > 0 if 8; = MD2,

— If z; isin modeMD3, z; will notincreasentheedgej.e.,incr; < 0 if 8; = MD3,

The modificationstartswith deletingall the edgesin M thatarenot compatiblewith
0 from M. Then,moretestsare addedto the remainingedgesto make surethat the
reversal-boundedountersalwayshave the desiredvalues.More precisely for eachz;
with 1 < 4 < k andfor eachremainingedge(s', t,incr, s2) in M, if z; is in mode
MD2, thenwe addatestof x; > C to the original testt of the edge.Doing this will
guarante¢hatthevaluesof z; beforeandafterthis edgearegreatethanC (no matter
whetherincr; = 0 orincr; = 1). Thecasesvhenz; is in modeMD3 canbe handled
similarly. If, however, z; is in modeMD1-¢ for some—C < ¢ < C, we simply adda
testof z; = ¢ to the original testt of the edge.Theresult M€ is alsoan NCMF with
O-reversal-boundedounters.

Obviously, from the choiceof constantC, M? is insensitve to the actualstarting
valuesof the O-reversal-boundedountersThatis, if (1) (s', V') canreach(s?, V! +
A') througha pathp, in M9, and(2) (s, V?) canreach(s®, V2 + A2) througha
pathp, in M?, suchthatthe free counterz, hasthe samevalueat the endof p; and
atthebeginningof ps, i.e., Vi + A} = V2, theneachO-reversal-boundedounterz;
with 1 < i < kin py canstartfrom V; + A} (insteadof V?) andat the endof ps,
z; hasvalueV} + Al + A? (insteadof V? + A?). Thus,pathp; canbe extended
accordingto pathp.. Thereasoris thatafter changingthe startingvalueof z;, thetest
of z; on eachedgeon pathp, givesthe sametruth valueastheold startingvalue,and,
hence pathp, canbe perfectlyfollowedafterp;. Thisis summarizedn the following
technicalemma.

Lemma 3. For anycontmol statess!, s? and s?, for anymodevector@, for any (k+1)-
aryvectos V1, V2 Al and A2, if V§ + A} = V2, (s}, V1) ~ e (2, VI + AL
and(s?, V2) ~s 0 (83, V2 + A2), then(s?, V! + Al) ~ 0 (83, V1 + Al + AZ),

LetI' = {8 : Ja € I(a ~ B)}. I' is the setof reachableonfigurationsfrom
configurationsin I. From Theoreml, I' is Preshirger The following lemmastates
thatthe 3-Preshurgeri.o. problemof M canbereducedo onefor O-reversal-bounded
NCMFs M°.

Lemma 4. Thee existsa witnessp in M startingfromI thatis P-i.o. at states iff for
somemodevector, there existsa witnessp’ in M? startingfrom I’ thatis P-i.o0. at
states.



For ary states and modevector 8, we definea predicateQ®? (v,v') asfollows.
Q*%(v,v") iff thereexist two vectorsV and A suchthat the following statements
aresatisfied:(Q1). v andv' arethe valuesof the free counter;i.e.,v = Vi andv’ =
Vo+ Ag; (Q2).BothV andV + A satisfyP;i.e.,P(V)AP(V + A); (Q3).Configu-
ration(s, V') canreachconfiguration(s, V+ A) in M?;i.e.,(s, V) ~s e (s, V + A);
(Q4). A is P-positive; (Q5). Finally, configuration(s, V') is reachablérom somecon-
figurationin I; i.e., (s, V) € I'.

Lemma 5. For anystates andmodevector, Q*9 is Preshurger.
It is easyto checkthat@*? is transitive.

Lemma 6. For anystates andmodevectord, Q% istransitive Thatis, for all integers
V1, V2, andv3, Qs’g(Ul,Ug) A Qs’g(vz,vg) impliest’B(vl,u3).

Before we go ary further, we needto uncover the intuitive meaningunderlying
the definition of Q9. Q*°(v,v') indicatesthe following scenarioThrougha pathin
M9, M? cansendthe free counterz, from valuew to v', with someproperlychosen
startingvaluesfor the 0-reversal-boundedounters((Q1) and(Q3)). On the path, //°
startsfrom control states andfinally movesbackto the samecontrol state,asgivenin
(Q3). Therefore this pathis aloop on the control states. It is noticedthatthe starting
configuratiorandthe endingconfiguratiorof the pathbothsatisfy P (asgivenin (Q2)),
andin particulat the counterchangesA is P-positive (asgivenin (Q4)).

If we canrepeatthe loop, thenthe resultingw-pathis P-i.o. (this is becauseof
Lemma2 andthefactthat A is P-positive.) and,from (Q5), startsfrom I'. However,
this loop may not repeat.The reasonis that the startingvalue v of the free counter
decidesthe pathof the loop andtherefore when M® executesthe loop for a second
time, the startingvaluev’ of the free countermay leadto a differentpath.Thus,trying
to repeathe samédoopis too naive. However, thekey techniqueshovn below attempts
to concatenatanfinitely mary (different)loopsinto anw-paththatis a P-i.o0. witness.

Letv* beanw-sequencef integers

Vo, V1, "3 Uny """

v¥ isanw-chainof Q*? if Q*° (v, v,41) holdsfor all n > 0. Accordingto Lemmas,
Q*9 is transitve. Therefore jf v* is anw-chainthenQ*° (v,,, v,,,) holdsfor ary n <
m. Thefollowing lemmastateshatthe existenceof anw-chainfor Q**° is decidable.

Lemma 7. It is decidablenvhetheratransitivePreshurger predicateovertwo variables
hasan w-chain. Thus,from Lemma5 and Lemmas, it is decidablewhetherQ®° has
anw-chain.

We now shaw thatthe existenceof a P-i.0 witnessp at states startingfrom I is
equialentto the existenceof anw-chainof Q%9 for somemodevectord.

Lemma 8. Theris anw-pathp thatis P-i.o. at states and startsfrom I iff, for some
modevectord, Q*? hasanw-chain.

Finally, combiningLemma? andLemma8, we have,



Theorem 2. The 3-Preshurger-i.o. problemis decidablefor reversal-boundedmulti-
countermadineswith a freecounter

The 3-Preshirgeri.o. problemis equivalentto the negation of the V-Preshirger
almost-alvaysproblem.Thus,

Theorem 3. TheV-Preshurger-almost-alwaygroblemis decidable for reversal
boundedmulticountermadineswith a freecounter

3.2 The 3-Presturger-eventual problemis decidable

Giventwo PreshirgerdefinablesetsI and P of configurationdor NCMF M, the 3-
Preslirgereventualproblemis to decidewhetherthereexists a P-eventualw-path p
startingfrom I. Recallthatthe Preslirgerdefinableset!” is thesetof all configurations
in P thatarereachabldrom a configurationin I. In the following lemma,true means
thesetof all configurationslt is easyto seethat

Lemma9. Theris a P-eventualw-path startingfrom I iff thereis a true-i.o. w-path
startingfrom’.

Hence combiningLemma9 andTheorem2, we have,

Theorem4. The 3-Preshurger-eventualproblemis decidablefor reversal-bounded
multicountermadineswith a freecounter

Sincethe 3-Preshirgereventual problemis equivalentto the negation of the V-
Preslirgeralwaysproblem,we have,

Theorem5. TheV-Preshurger-alwaysproblemis decidablefor reversal-boundeanul-
ticountermadineswith a freecounter

ThePreslirgersafetyanalysisproblemis slightly differentfrom the V-Preslirger
alwaysproblem:theformerlooksat (finite) paths while thelatterlooks at w-paths.

4 UndecidableResults

In this section,we point out that both the 3-Preshirgeralways problemand the 3-
Preslirgeralmost-alvaysproblemareundecidabldor O-reversal-boundetiCMs. Ob-
viously, the undecidabilityremainsvhenNCMFsareconsidered.

In [12], it is shawvn that the 3-Preshirgeralways problemand the 3-Preshirger
almost-alvays problem are undecidablefor discretetimed automata.The following
techniquesreusedin thatpaper:

— A deterministictwo-countermachinecan be simulatedby a generalizeddiscrete
timedautomatorthatallows testsin theform of linearconstraints,

— The generalizeddiscretetimed automatoncan be simulatedby a discretetimed
automatorundera Preslurger pathrestriction P [12] (i.e., eachintermediatecon-
figurationof the discretetimed automatormustbein P),



— The halting problem(i.e., whethera control stateis reachablewhich is undecid-
able)for deterministictwo-countermachinescanbe reducedo the 3-Preshirger
alwaysproblemfor discretetimedautomata,

— The finitenessproblem(which is undecidable¥or deterministictwo-counterma-
chinescan be reducedto the 3-Preshirgeralmost-alvays problemfor discrete
timedautomata.

If in the itemsabove, “discretetimed automaton’is replacedby “0O-reversal-bounded
multicountermachine” thetechniquesrestill applicable Thereasoris that,asshovn
below, ary deterministiawo-countermachinecanbe simulatedby a deterministiggen-
eralizedO-reversal-boundecthulticountermachinethatallowstestsin theform of linear
constrainton counters.

Lemma 10. Any deterministictwo-countermacdine M can be simulatedby a deter
ministic O-reversal-boundednulticountermadine M’ that allows testsin the form of
y — 27 ¢, where y andz are countes,andc is aninteger [18].

Analogousto the proofsin [12], we have,

Theorem 6. The 3-Preshurger-always problemand the 3-Preshurger-almost-always
problemare undecidabldor O-reversal-boundednulticountermadines.Theundecid-
ability remainswhenreversal-boundednulticountermadineswith a free counterare
consideed.

Consideringhe negationsof thetwo problemswe have,

Theorem 7. The V-Presturger-eventual problem and the V-Preshurger-i.o. problem
are undecidablédor O-reversal-boundednulticountermadines.Theundecidabilityre-
mainswhenreversal-boundednulticountermadineswith a free counterare consid-
ered.

5 Conclusions

In this paper we investigateda numberof Preshirger livenesgproblemsfor NCMFs.
We shavedthat

— The3-Preshirgeri.o. problemandthe 3-Preslirgereventualproblemarebothde-
cidable.So are their duals, the V-Preslirgeralmost-alvays problem and the V-
Preslirgeralwaysproblem.

— TheV-Preshirgeri.o. problemandtheV-Preslirgereventualproblemarebothun-
decidable So aretheir duals,the 3-Preshirgeralmost-alvaysproblemandthe 3-
Preslirgeralwaysproblem.

Theseresultscanbe usedto formulatea weakform of Presturgerlineartemporallogic
and develop its model-checkingheoriesfor NCMFs. We believe the techniquesde-
velopedin [12] andin this papercanbe naturally combinedto studythe sameset of
livenesgproblemson an extendedform of discretetimed automatacontaining,besides
clocks,a numberof reversal-boundedountersanda free counter We conjecturethat



the3-Preshurgeri.o. problemis alsodecidabldor (discreteimed)pushdevn automata
whenthe countson individual stacksymbolsare partof the Preslirgerpropertybeing
verified[8].

As for applicationsof NCMFs, “reversal-boundedounters”may appearunnat-
ural, and applying the decidableresults presentedn this paperin model-checking
may seemremote.However, the model of NCMFs doeshave applicationsin verifi-
cation/delngginginfinite statesystemsaswe discusselow.

— Many infinite statesystemsanbe modeledasmulticountermachinesThesema-
chines,usuallyhaving Turing computingpower, canbe approximatecdy NCMFs
by restrictingall but onecounterto bereversal-boundedr his approximatiortech-
nigueprovidesa way to dehug Preshurgersafetypropertiedor, for instancearith-
metic programg(for a numberof consenrative approximationtechniquedor real-
time systemssee[9-11]). On the other hand,the techniquealso showvs a way to
verify an3-Preslurgeri.o. problemfor a multicountermachineif the sameprob-
lemis trueontheresultingNCMF.

— A non-decreasingounteris also a reversal-boundedounterwith zeroreversal
bound.Thiskind of counterdasalot of applicationsFor instanceit canbeusedto
counttime elapsethe numberof externalevents thenumberof a particularbranch
takenby a nondeterministiprogram(this is important,whenfairnesss takeninto
account) etc. For example,considera finite-statetransitionsystem?". Associatea
name'a’ from afinite alphabeto eachtransitionin T (a, in thereactivesystenmT’,
canbe treatedasthe input signaltriggeringthe transition).At ary momentin an
executionof T', #, is usedto countthe numberof transitiondabeledby a thathave
beenexecuted Each+#, canbeconsideredhsa 0-reversal-boundedounter since
#. is nondecreasinglongary executionpath.To make the systemmorecomple,
onsometransitionsthetriggeringconditionsalsocontainatestthatcompares#, —
#. againstan integer constantfor somefixed labelsb andc *. EssentiallyT’ can
be treatedas a NCMF: thosecountsof #,’s are reversal-boundeaountersand
#y — #. is the free counter The resultsin this papershow that the following
statementanbe automaticallyverified:

Theris anexecutionof T' sudh that #, + 24+ — 5#. > 0 holdsfor infinitely many
times.

This resultcan be usedto argue whethera fairnesscondition on the event label
countsof T is realistic.

The decisionprocedurefor the 3-Preslurger i.o. problemseemshardto implement.
However, by closelylooking attheproofs,the hardpartis how to (practically)calculate
the binary reachabilityof an NCMF. Oncethis is done,testingthe existenceof the w-
chainin Lemma7 andLemmas8 is equivalentto checkinga Preshirger predicate(i.e.,
Q@*? in thelemmas)in a particularformat (the Omega Library [22] canbe usedto do
the checking).Calculatingthe binary reachabilityof an NCMF needssomesoftware
engineeringhoughts We arecurrentlyconductinga prototypetool implementation.
Thanksgo to anorymousreviewersfor mary usefulsuggestions.

1 It is importantthatb andc arefixed.If we allow comparison®nthe countsof four labels(i.e.,
besidegheteston #;, — #., we have ateston #4 — #.), thenT is Turing powerful [18].
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