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Abstract. We investigatethePresburgerlivenessproblemsfor nondeterministic
reversal-boundedmulticountermachineswith a freecounter(NCMFs).Weshow
thefollowing:

– The � -Presburger-i.o. problemand the � -Presburger-eventualproblemare
bothdecidable.Soaretheir duals,the � -Presburger-almost-alwaysproblem
andthe � -Presburger-alwaysproblem.

– The � -Presburger-i.o. problemand the � -Presburger-eventualproblemare
bothundecidable.Soaretheir duals,the � -Presburger-almost-alwaysprob-
lem andthe � -Presburger-alwaysproblem.

Theseresultscanbe usedto formulatea weak form of Presburger linear tem-
poral logic anddevelop its model-checkingtheoriesfor NCMFs.They canalso
becombinedwith [12] to studythesamesetof livenessproblemsonanextended
form of discretetimedautomatacontaining,besidesclocks,anumberof reversal-
boundedcountersanda freecounter.

1 Intr oduction

An infinite-statesystemcanbe obtainedby augmentinga finite automatonwith one
or moreunboundedstoragedevices.Thedevicescanbe,for instance,counters(unary
stacks),pushdown stacks,queues,and/orTuring tapes.However, an infinite-statesys-
tem caneasilyachieve Turing-completeness,e.g.,whentwo countersareattachedto
a finite automaton(resultingin a “Minsky machine”).For thesesystems,evensimple
problemssuchasmembershipareundecidable.

In the areaof model-checking,the searchfor (efficient) techniquesfor verifying
infinite-statesystemshasbeenanongoingresearcheffort. Muchwork hasbeendevoted
to investigatingvariousrestrictedmodelsof infinite-statesystemsthatareamenableto
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automaticverification.The work is motivatedby the successesof “efficient” model-
checkingtechniquesfor finite-statesystemssuchashardwaredevicesandreactivesys-
tems[20], and the needfor developingpracticaltechniquesfor decidingverification
propertiesof infinite-statesystems.

The infinite-statemodelsthat have beeninvestigatedincludetimed automata[1],
pushdown automata[3, 14], variousversionsof countermachines[5, 13,18], andvari-
ousqueuemachines[2, 4,16,17,21].

Countermachinesareconsidereda naturalmodel for specifyingreactive systems
containingintegervariables.They have alsobeenfoundto have a closerelationshipto
otherpopularmodelsof infinite-statesystems,suchastimedautomata[1]. In [6], it was
shown that,asfarasbinaryreachability(thesetof configurationpairssuchthatonecan
reachthe other)is concerned,a timedautomatoncanbe transformedinto a particular
type of countermachinewithout nestedcycles[5]. In contrastto [6], timed automata
(with discretetime)aremappedto countermachineswith reversal-boundedcountersin
[8]. In thecaseof densetime, thesamemappingappliesusingsomepatterntechnique
[7].

Thus,studyingvariousrestrictedmodelsof countermachinesmayhelpresearchers
to develop verification theoriesconcerninginfinite-statesystemssuch as timed au-
tomataaugmentedwith unboundedstorage[8].

In this paper, we focuson a classof restrictedcountermachines,callednondeter-
ministic reversal-boundedmulticountermachineswith a freecounter(NCMFs).More
precisely, an NCMF 
 is a nondeterministicfinite automatonaugmentedwith a fi-
nite numberof reversal-boundedcounters(thus,in any computation,eachcountercan
changemodefrom nondecreasingto nonincreasingandvice-versaat most � timesfor
somegiven nonnegative integer � ) andonefree counter(which neednot be reversal-
bounded).A fundamentalresult is that the emptinessproblemfor languagesaccepted
by NCMFsis decidable[15]. But herewe do not useNCMFsaslanguagerecognizers;
instead,we are interestedin the behaviors they generate.So,unlessotherwisespeci-
fied,anNCMF hasno input tape.Reversal-boundedcountersareusefulin verification
of reactive systems.For instance,a reversal-boundedcountercanbeusedto countthe
numberof timesa particularexternaleventoccursin a reactive system– in this case,
thecounteris simply0-reversal-bounded,i.e.,non-decreasing.Allowing afreecounter,
togetherwith otherreversal-boundedcounters,makesthereactivesysteminfinite-state.
Moreapplicationissuesof NCMFsandtheresultsin thispapercanbefoundat theend
of thepaper.

Thestudyof safetypropertiesandlivenesspropertiesof infinite-statesystemsis of
greatimportancein theareaof formal verification.Safetypropertieslook at only finite
(execution)paths;mostly they canbereducedto reachabilityproblems.In [18], it was
shown that the Presburger safetyanalysisproblemis decidablefor NCMFs andtheir
generalizations.A typical exampleof a Presburgersafetypropertythatwe might want
to verify for anNCMF 
 with counters� � , � � and � � is thefollowing: Startingfrom
countervaluessatisfying� ��
 � ����� � ����� , 
 canonly reachcountervaluessatisfying
� ����� � ��
�� � ����� .

In this paper, we systematicallystudy a numberof Presburger livenessproblems
for NCMFs.An exampleis a  -Presburger-i.o. problemlike: GivenanNCMF 
 with



counters� � , � � and � � , doesthereexist an ! -path(i.e., infinite executionpath)" for 

suchthat � �#��� � �$
%� � �&��� is satisfiedon " infinitely often?Theresearchpresented
in thispaperis inspiredby therecentwork in [12] thatinvestigatesthesamesetof Pres-
burger livenessproblemsfor discretetimed automata.But the techniqueswe develop
herearecompletelydifferentfrom onesin [12]. Clocksin a discretetimedautomaton,
whenconsideredascounters,aresynchronous.So, in someway, a discretetimed au-
tomatoncanbetreatedasareversal-boundedmulticountermachine(anNCMF without
thefreecounter)[8]. Theability of anNCMF to useafreecountermakesthePresburger
livenessproofsmuchmorecomplicated.The main resultsof this papershow that the
 -Presburger-i.o. problemis decidablefor NCMFs.This result leadsus to conjecture
thatthe  -Presburger-i.o. problemis alsodecidablefor (discretetimed)pushdown pro-
cesseswhenthecountson individual stacksymbolsarepartof thePresburgerproperty
beingverified[8].

Thepaperis organizedasfollows.Section2 introducesthemaindefinitions.Section
3 shows thedecidabilityof the  -Presburger-i.o. and  -Presburger-eventualproblems.
Section4 generalizestheproofsin [12] to show theundecidabilityof the ' -Presburger-
i.o. andthe ' -Presburger-eventualproblems.Section5 is a conclusion.

2 Preliminaries

Let (*),+-�/.10323242305�7698 be a finite setof integer variables.Formula :�.3;=<>;?6A@�<B�7<DC�EF0
where @�< and E areintegers,is calledanatomiclinear constraint, if C is � or ) . The
formula is calledan atomicmod-constraint, if C is G�H for some I �KJ . A linear-
conjunctionis a conjunctionof a finite numberof atomiclinearconstraints.A linear-
mod-conjunctionis a conjunctionof a finite numberof atomic linear constraintsand
atomic mod-constraints.It is well known that a Presburger formula [19] (first-order
formulaoverintegerswith addition)canalwaysbewrittenasadisjunctivenormalform
of atomic linear constraintsandatomicmod-constraints,i.e., a disjunctionof linear-
mod-conjunctions.A set L is Presburger-definableif thereexistsa PresburgerformulaM

on ( suchthat L is exactly thesetof thesolutionsfor ( thatmake
M

true.It is well
known thattheclassof Presburger-definablesetsdoesnot changeif quantificationsare
allowed.Hence,whenconsideringPresburgerformulas,we will allow quantifiersover
integervariables.A standard teston ( is a Booleancombinationof atomictestsin the
form of �=CONA0 where C denotesP&04Q&0 � 0 � 0 or ) , N is aninteger, �SRT( . Let UWV bethe
setof all standardtestson ( .

A nondeterministicmulticountermachine(NCM) 
 is anondeterministicmachine
with afinite setof (control)statesandafinite numberof integercounters.Eachcounter
canadd1, subtract1, or stayunchanged.
 canalsotestwhethera counteris equal
to, greaterthan,or lessthananintegerconstantby performinga standardtest.Without
lossof generality, in thispaperweconsider
 withouteventlabelsontransitions,since
theselabelscanbebuilt into thecontrolstates.

Formally, a nondeterministicmulticountermachine(NCM) 
 is a tuple XZY[05(S05\O]
where Y is a finite set of (control) states, ( is a finite set of integer counters,and
\_^`YbacUWVdae+ 
&f 0 J 0 f 8�g V g=acY is a finite setof edgesor transitions. Eachedge
XZh10jik0 incr 0lh4mn] denotesa transitionfrom state h to state h-m with ioRpUWV beingthe test



or the enablingcondition. incr Rq+ 
&f 0 J 0 f 89g V g denotesthe effect of the edge:each
counterin ( is incrementedby theamountspecifiedin vectorincr .

Thesemanticsof NCMs is definedasfollows.We use r to denotecountervectors
(i.e., vectorsof countervalues).We use r < to denotethevalueof counter� < in r , forJ PtsuPwv . A configuration Xxhy03rz]TR{Yba}| g V g is a pair of a control state h anda
countervector r . XZh103r~]��}�%XZh-mZ0�r~m�] denotesa one-steptransitionfrom configuration
XZh10�rS] to configurationXxh4mZ0�rzm�] satisfyingthefollowing conditions:

– Thereis anedgeXxhy05ik0 incr 0�h-mn] in 
 connectingstateh to stateh4m ,
– Theenablingconditionof theedgeis satisfied,thatis, i���rz� is true,
– Eachcounterchangesaccordingto theedge,i.e., r m )br � incr .

A path is afinite sequence

Xxh . 0�r . ]=24232-XZh-�?0�r � ]
suchthat Xxh-<j03r < ]�� � XZh-<�� � 03r <�� � ] for each J Pqs�P�� 
pf . An ! -path is an infi-
nitesequenceXxh3.90�r . ]=24232-XZh � 0�r � ]=23242 suchthateachprefix XZh4.103r . ]=232424XZh � 03r � ] is a
path.We write Xxh10�rS]�� � XZh-mx0�rzmn] if theconfigurationXZh10�rS] reachestheconfigura-
tion XZh-mx0�rzm�] throughapathin 
 . Thebinaryrelation� � is calledbinaryreachability.

It is well known thatcountermachineswith two countershaveanundecidablehalt-
ing problem.Thus,in orderto investigateany nontrivial decidableverificationproblems
for NCMs, we have to restrict the behaviors of the counters.A counteris � -reversal-
boundedif it changesmodebetweennondecreasingandnonincreasingatmost � times.
For instance,thefollowing sequenceof countervalues:J 0 J 0 f 0 f 0 � 0 � 0 � 0 � 0 � 0 � 0 � 0 � 0 f 0 f 0 f 0 f 0423242
exhibits only one counterreversal. 
 is reversal-boundedif eachcounterin 
 is
� -reversal-boundedfor some � . 
 is a reversal-boundedNCM with a free counter
(NCMF) if 
 hasa numberof reversal-boundedcountersandanunrestrictedcounter
(that neednot be reversal-bounded).From now on, an NCM (NCMF) refersto a ma-
chinewith reversal-boundedcounters(andone free counter).We assumethroughout
thatwheneverwe aregivenanNCM (NCMF), thereversal-boundr is alsospecified.

A fundamentalresultfor NCMFsis that thebinaryreachabilityis Presburger. This
characterizationis quiteuseful,sinceit is well knownthattheemptinessandthevalidity
problemsfor Presburgerformulasaredecidable.

Theorem1. Thebinary reachability is effectivelyPresburger definablefor a reversal-
boundednondeterministicmulticountermachinewith a freecounter. [15,18]

This fundamentalresultallowsusto automaticallyverify a Presburger safetyanal-
ysisproblemfor anNCMF 
 [8,18]: from configurationsin � , 
 canonly reachcon-
figurationsin L , where � and L arePresburgerdefinablesetsof configurations.This
problemis equivalentto �� W�[ ��#�Z�eRS���T�����d������RS�[L���0 which, from Theorem
1, is Presburgerandthereforedecidable.

In this paper, we systematicallyinvestigatePresburger livenessanalysisproblems
for NCMFsby consideringtheir ! -paths.We follow thenotationsin [12]. Let 
 bean
NCMF, � and L betwo Presburger-definablesetsof configurations,and" bean ! -path
XZh4.y03r . ]=232424XZh � 03r � ]=242324� We saythat " startsfrom � if XZh4.y03r . ]�Rz� . Define



– " is L -i.o. if L is satisfiedinfinitely often on the ! -path,i.e., thereare infinitely
many � suchthat Xxh � 0�r � ]�RzL .

– " is L -alwaysif for each� , XZh-�=03r � ]�R~L .
– " is L -eventualif thereexists � suchthat Xxh-�=0�r � ]�RTL .
– " is L -almost-alwaysif thereexists � suchthatfor all ��m � � , XZh ��� 03r � � ]�R~L .

The  -Presburger-i.o. (resp.always,eventualandalmost-always)problemfor NCMF

 is to decidewhetherthefollowing statementholds:

there is an ! -path " startingfrom � that is L -i.o. (resp.L -always,L -eventualand
L -almost-always).
The ' -Presburger-i.o. (resp.always,eventualandalmost-always)problemfor NCMF

 is to decidewhetherthefollowing statementholds:

for every ! -path " , if " startsfrom � , then " is L -i.o. (resp. L -always,L -eventual
and L -almost-always).

We use � to denotethevectorof the v � f counters� . 0j� � 0423242�0j� 6 in 
 , with � .
thefreecounterandwith � � 0323242305�76 thereversal-boundedcounters.

3 DecidableResults

In this section,we show thatboth the  -Presburger-i.o. problemandthe  -Presburger-
eventualproblemaredecidablefor NCMFs.

3.1 The ¡ -Presburger-i.o. problem is decidable

The  -Presburger-i.o. problemis to determinethe existenceof an ! -path " (calleda
witness) Xxh . 0�r . ]?23232-XZh-�=0�r � ]=24232 of anNCMF 
 suchthat " is L -i.o. with respectto
� . Since L is a Presburgerdefinablesetof configurations,by definition, Lo�B��0lh-� can
bewritten in a disjunctive normalform, ¢}L£<5�Z��0�hF�k0 whereeachL£<5�Z�{0�hF� is a linear-
mod-conjunctionof atomiclinearconstraintsandatomicmod-constraintsovercounters
andcontrolstates(controlstatesareencodedasboundedintegers)in 
 . Obviously, "
is L -i.o. if f " is L¤< -i.o. for somes . Therefore,without lossof generality, we assumeL
itself is a linear-mod-conjunction.

Thereare only finitely many control statesYw)_+¦¥h � 042324230y¥h-§�8 in 
 . Therefore,
Lo�B��0�hF� canbe written as ¢~¨©«ª«¬1­ hz)®¥h-<¯��Lo�B��0y¥h-<D�k�A" is L -i.o. if f " is Lo��2�01¥h-<D� -i.o.
on somecontrol state ¥h < : thereareinfinitely many � suchthat h-��)°¥h < and Lo�«r � 01¥h < � .
Therefore,the  -Presburger-i.o. problemis reducedto theproblemof decidingwhether
thereexist a controlstateh anda witness" startingfrom � suchthat "�)dXxh . 0�r . ]?23232
XZh-�=0�r � ]=23242 is L -i.o. on h , where L is a linear-mod-conjunctionon counters� only.
Assumethat Lo�B�±� is L�² ³ ´3µ«¶�·l�Z�±���¸L�¹�ºk»¼�Z�±�k0 where L�² ³ ´3µ«¶�· is a linear-conjunction
over � and L�¹�ºk» is amod-conjunctionover � . Thefollowing lemmastatesthat,asfar
asan infinite oftenpropertyis concerned,L�¹�ºk» canbeeliminatedby building “mod”
into thecontrolstatesof 
 .

Lemma 1. Given 
 – an NCMF with counters � and with control statesY , � – a
Presburger-definablesetof configurationsof 
 , L – a linear-mod-conjunctionover � ,
and h – a control statein Y , wecaneffectivelyconstruct
�m – anNCMFwith counters



� andwith control statesY�m , �1m – a Presburger-definablesetof configurationsof 
�m ,
L&m – a linear-conjunctionover � , and h-m – a control statein Y�m , such that thefollowing
two statementsareequivalent:

– In 
 , thereexistsa witness" startingfrom � such that " is L -i.o. on state h ,
– In 
�m , there existsa witness"¦m startingfrom �9m such that "¦m is L&m -i.o. on state h-m .

Becauseof Lemma1, it sufficesto investigatetheexistenceof a L -i.o witness" onstate
h with L in theform of a linear-conjunctionover ½ linearconstraints:

¾
.4;7<B;=6

@9<À¿4�7<DC&¿-E5¿ (1)

where C&¿ standsfor � or ) , for f PtÁ�PÂ½ . We use Ã , C , and Ä to denotethe
coefficient matrix ( ½ by v �bf ) of @�<À¿ , the column( ½ by 1) of comparisonsC&¿ , and
thecolumn( ½ by 1) of numbersE�¿ . Thus, L shown in (1) canbewrittenas

Ã�� C�ÄÅ� (2)

Wesay �xv ��f � -aryvector Æ is L -positiveif ÃzÆ,Q�Ç . Fromdefinition,an ! -path" of
XZh4.y03r . ]k23242WXZh � 0�r � ]=23242 is adesiredwitnessif f thefollowing conditionsaresatisfied:

(IO-1). " startsfrom � ; i.e., �¦�xh3.90�r . � holds,
(IO-2). Thereare infinitely many numbers� � 0324232�05��<j0423242 (with J�� � �e�
23242 � ��< � 23242 ) suchthat h � ª ) h and Lo�«r � ª � for eachs .

The following lemma statesthat condition (IO-2) can be strengthened:for each s ,
r � ª�È9É 
 r � ª is L -positive.

Lemma 2. Let L be a linear conjunctionas in (2). Let h be a statein an NCMF 
 .
For any ! -path " of 
 , condition(IO-2) is equivalentto thefollowing condition:

(IO-2m ). There are infinitely manynumbers � � 0324232305��<�0423232 (with Jp� � ���
23242 � ��< � 24232 ) such that h � ª )�h , Lo��r � ª � , and r � ª�È�É 
 r � ª is L -positive,
for each s .
Up to now, we have not usedthe condition that counters� � 0323242305� 6 arereversal-

boundedandthat counter �¦. is free. Let Ê be the largestabsolutevalueof the inte-
ger constantsappearingin all the testsin 
 . The ideais that, on the ! -path " , each
reversal-boundedcounterwill eventuallybehave asa 0-reversal-bounded(i.e., either
nondecreasingor nonincreasing)counterafter the last reversalhasbeenmade.Oncea
reversal-boundedcounterbehavesas0-reversal-bounded,it will eitherstayunchanged
between
 Ê and Ê forever, or move beyond Ê (or 
 Ê ) andnever comeback.That
is, thereis �?. suchthateachreversal-boundedcounter �¦< , f Pqs&Pqv , hasoneof the
following � Ê �}� modes:

(MD1- N ) with 
 Ê�P N�PpÊ . For all ��Q�� . , r �< )qr � �
�

< )�N . That is, � < is
always N thatis between
 Ê and Ê after �?. ,
(MD2). For all ��Q{�?. , Ê � r �< PËr � �

�
< . That is, �¦< is nondecreasingand

alwaysgreaterthan Ê ,
(MD3). For all ��Q��?. , 
 Ê � r �< Q�r � �

�
< . That is, �7< is nonincreasingand

alwayssmallerthan 
 Ê .



Let modevector Ì�R��«+ MD1- N~Í 
 ÊÎPtN¸PtÊO8�Ï�+FÐSÑ � 05Ð¸Ñ � 8A� 6 assignto each
reversal-boundedcounter�7< a mode Ì7< . Each! -path" hasa uniquemodevector. Now
we fix any modevector Ì .


 canbe effectively modifiedinto an NCMF 
�Ò suchthat the reversal-bounded
countersin 
 Ò behave accordingto the modevector Ì . An edge XZh � 0jik0 incr 0�h � ] in

 is compatiblewith a modevector Ì , if, for eachreversal-boundedcounter�7< withf P}s#P�v , thefollowing conditionshold:

– If �¦< is in modeMD1- N for some 
 Ê`PÓNuPqÊ , �¦< will not changeon the edge;
i.e., incr <¤) J if Ì7<¤) MD1- N ,

– If �7< is in modeMD2, �¦< will notdecreaseontheedge;i.e.,incr <�Q J if Ì=<¯) MD2,
– If � < is in modeMD3, � < will not increaseontheedge;i.e.,incr < P J if Ì < ) MD3,

The modificationstartswith deletingall the edgesin 
 thatarenot compatiblewith
Ì from 
 . Then,more testsareaddedto the remainingedgesto make surethat the
reversal-boundedcountersalwayshave thedesiredvalues.More precisely, for each�¦<
with f PÔsÕPÔv andfor eachremainingedge XZh � 05ik0 incr 0�h � ] in 
 , if �¦< is in mode
MD2, thenwe adda testof �¦< � Ê to the original test i of the edge.Doing this will
guaranteethat thevaluesof �7< beforeandafterthis edgearegreaterthan Ê (no matter
whetherincr <$) J or incr <Å) f ). Thecaseswhen �7< is in modeMD3 canbehandled
similarly. If, however, �¦< is in modeMD1- N for some 
 ÊtPbN�P{Ê , we simply adda
testof �7<Ö)�N to theoriginal test i of the edge.The result 
 Ò is alsoanNCMF with
0-reversal-boundedcounters.

Obviously, from the choiceof constantÊ , 
 Ò is insensitive to the actualstarting
valuesof the0-reversal-boundedcounters.Thatis, if (1) Xxh � 0�r � ] canreach Xxh � 0�r � �
Æ � ] througha path " � in 
 Ò , and(2) Xxh � 03r � ] canreach Xxh � 0�r � � Æ � ] througha
path " � in 
 Ò , suchthat the free counter� . hasthe samevalueat the endof " � and
at thebeginningof " � , i.e., r �. � Æ �. )qr �. , theneach0-reversal-boundedcounter� <
with f PÓs�P�v in " � canstartfrom r �< � Æ �< (insteadof r �< ) andat the endof " � ,
� < hasvalue r �< � Æ �< � Æ �< (insteadof r �< � Æ �< ). Thus,path " � canbe extended
accordingto path " � . Thereasonis thatafterchangingthestartingvalueof � < , thetest
of �¦< on eachedgeon path " � givesthesametruth valueastheold startingvalue,and,
hence,path " � canbeperfectlyfollowedafter " � . This is summarizedin thefollowing
technicallemma.

Lemma 3. For anycontrol statesh � , h � and h � , for anymodevector Ì , for any(k+1)-
ary vectors r � , r � , Æ � , and Æ � , if r �. � Æ �. ){r �. , Xxh � 0�r � ]?� ��× XZh � 03r � � Æ � ]
and XZh � 03r � ]=� � × XZh � 0�r � � Æ � ] , then XZh � 03r � � Æ � ]?� � × XZh � 0�r � � Æ � � Æ � ] .

Let �1m#)°+-� Í¯ W�bR��7�B�Ø� � �¤�l8 . �9m is the setof reachableconfigurationsfrom
configurationsin � . From Theorem1, �1m is Presburger. The following lemmastates
that the  -Presburgeri.o. problemof 
 canbereducedto onefor 0-reversal-bounded
NCMFs 
 Ò .
Lemma 4. There existsa witness" in 
 startingfrom � that is L -i.o. at state h iff for
somemodevector Ì , there existsa witness"¦m in 
 Ò starting from �9m that is L -i.o. at
state h .



For any state h andmodevector Ì , we definea predicateÙ ©�Ú Ò �>Û70jÛ�m�� as follows.
Ù ©�Ú Ò �BÛ¦05Û9m�� if f thereexist two vectors r and Æ suchthat the following statements
aresatisfied:(Q1). Û and Û m arethevaluesof the freecounter;i.e., Û¸)trz. and Û m )
r . � Æ . ; (Q2).Both r and r � Æ satisfy L ; i.e., Lo�«r~���ÜLo�«r � Æ%� ; (Q3).Configu-
ration XZh10�rS] canreachconfigurationXZh103r � Æ%] in 
 Ò ; i.e., XZh10�r~]?� � × Xxhy03r � Æ%] ;
(Q4). Æ is L -positive; (Q5).Finally, configurationXxhy03r~] is reachablefrom somecon-
figurationin � ; i.e., Xxh10�rz]�RT�9m .
Lemma 5. For anystate h andmodevector Ì , Ù ©�Ú Ò is Presburger.

It is easyto checkthat Ù ©�Ú Ò is transitive.

Lemma 6. For anystateh andmodevector Ì , Ù ©lÚ Ò is transitive. Thatis, for all integers
Û � 05Û � 0 and Û � , Ù ©�Ú Ò �BÛ � 05Û � �?�zÙ ©lÚ Ò �BÛ � 0jÛ � � implies Ù ©�Ú Ò �>Û � 0jÛ � � .

Before we go any further, we needto uncover the intuitive meaningunderlying
thedefinitionof Ù ©lÚ Ò . Ù ©lÚ Ò �BÛ¦05Û9m�� indicatesthe following scenario.Througha pathin

�Ò , 
�Ò cansendthe freecounter� . from value Û to Û m , with someproperlychosen
startingvaluesfor the0-reversal-boundedcounters((Q1) and(Q3)). On thepath, 
 Ò
startsfrom controlstateh andfinally movesbackto thesamecontrolstate,asgivenin
(Q3). Therefore,this pathis a loop on thecontrolstateh . It is noticedthat thestarting
configurationandtheendingconfigurationof thepathbothsatisfy L (asgivenin (Q2)),
andin particular, thecounterchangesÆ is L -positive(asgivenin (Q4)).

If we can repeatthe loop, then the resulting ! -path is L -i.o. (this is becauseof
Lemma2 andthefact that Æ is L -positive.)and,from (Q5), startsfrom �9m . However,
this loop may not repeat.The reasonis that the startingvalue Û of the free counter
decidesthe pathof the loop andtherefore,when 
 Ò executesthe loop for a second
time, thestartingvalue Û9m of thefreecountermayleadto a differentpath.Thus,trying
to repeatthesameloop is toonaive.However, thekey techniqueshown below attempts
to concatenateinfinitely many (different)loopsinto an ! -paththatis a L -i.o. witness.

Let Û1Ý bean ! -sequenceof integers

ÛA.y0jÛ � 0324232�05Û � 0324232��
Û Ý is an ! -chainof Ù ©�Ú Ò if Ù ©�Ú Ò �>Û � 05Û � � � � holdsfor all �%Q J . Accordingto Lemma6,
Ù ©�Ú Ò is transitive.Therefore,if Û1Ý is an ! -chainthen Ù ©�Ú Ò �>Û��=05Û § � holdsfor any � �
½ . Thefollowing lemmastatesthattheexistenceof an ! -chainfor Ù ©lÚ Ò is decidable.

Lemma 7. It is decidablewhethera transitivePresburger predicateovertwovariables
hasan ! -chain. Thus,from Lemma5 andLemma6, it is decidablewhether Ù ©�Ú Ò has
an ! -chain.

We now show that the existenceof a L -i.o witness" at state h startingfrom � is
equivalentto theexistenceof an ! -chainof Ù ©�Ú Ò for somemodevector Ì .

Lemma 8. There is an ! -path " that is L -i.o. at state h andstartsfrom � iff, for some
modevector Ì , Ù ©�Ú Ò hasan ! -chain.

Finally, combiningLemma7 andLemma8, wehave,



Theorem2. The  -Presburger-i.o. problemis decidablefor reversal-boundedmulti-
countermachineswith a freecounter.

The  -Presburger-i.o. problemis equivalent to the negation of the ' -Presburger-
almost-alwaysproblem.Thus,

Theorem3. The ' -Presburger-almost-alwaysproblemis decidable for reversal
boundedmulticountermachineswith a freecounter.

3.2 The ¡ -Presburger-eventual problem is decidable

Given two Presburger-definablesets � and L of configurationsfor NCMF 
 , the  -
Presburger-eventualproblemis to decidewhetherthereexists a L -eventual ! -path "
startingfrom � . RecallthatthePresburger-definableset �9m is thesetof all configurations
in L thatarereachablefrom a configurationin � . In thefollowing lemma,true means
thesetof all configurations.It is easyto seethat

Lemma 9. There is a L -eventual! -pathstartingfrom � iff there is a true-i.o. ! -path
startingfrom �9m .

Hence,combiningLemma9 andTheorem2, wehave,

Theorem4. The  -Presburger-eventualproblemis decidablefor reversal-bounded
multicountermachineswith a freecounter.

Since the  -Presburger-eventualproblemis equivalent to the negation of the ' -
Presburger-alwaysproblem,we have,

Theorem5. The' -Presburger-alwaysproblemis decidablefor reversal-boundedmul-
ticountermachineswith a freecounter.

ThePresburgersafetyanalysisproblemis slightly differentfrom the ' -Presburger-
alwaysproblem:theformerlooksat (finite) paths,while thelatterlooksat ! -paths.

4 UndecidableResults

In this section,we point out that both the  -Presburger-always problemand the  -
Presburger-almost-alwaysproblemareundecidablefor 0-reversal-boundedNCMs.Ob-
viously, theundecidabilityremainswhenNCMFsareconsidered.

In [12], it is shown that the  -Presburger-alwaysproblemand the  -Presburger-
almost-always problemare undecidablefor discretetimed automata.The following
techniquesareusedin thatpaper:

– A deterministictwo-countermachinecanbe simulatedby a generalizeddiscrete
timedautomatonthatallows testsin theform of linearconstraints,

– The generalizeddiscretetimed automatoncan be simulatedby a discretetimed
automatonundera Presburgerpathrestriction L [12] (i.e., eachintermediatecon-
figurationof thediscretetimedautomatonmustbein L ),



– The halting problem(i.e., whethera control stateis reachable,which is undecid-
able)for deterministictwo-countermachinescanbereducedto the  -Presburger-
alwaysproblemfor discretetimedautomata,

– The finitenessproblem(which is undecidable)for deterministictwo-counterma-
chinescan be reducedto the  -Presburger-almost-always problemfor discrete
timedautomata.

If in the itemsabove, “discretetimed automaton”is replacedby “0-reversal-bounded
multicountermachine”,thetechniquesarestill applicable.Thereasonis that,asshown
below, any deterministictwo-countermachinecanbesimulatedby adeterministicgen-
eralized0-reversal-boundedmulticountermachinethatallowstestsin theform of linear
constraintsoncounters.

Lemma 10. Any deterministictwo-countermachine 
 can be simulatedby a deter-
ministic0-reversal-boundedmulticountermachine 
 m that allows testsin the form ofÞ 
Øß CON , where Þ and ß are counters,and N is an integer [18].

Analogousto theproofsin [12], wehave,

Theorem6. The  -Presburger-alwaysproblemand the  -Presburger-almost-always
problemare undecidablefor 0-reversal-boundedmulticountermachines.Theundecid-
ability remainswhenreversal-boundedmulticountermachineswith a freecounterare
considered.

Consideringthenegationsof thetwo problems,wehave,

Theorem7. The ' -Presburger-eventualproblem and the ' -Presburger-i.o. problem
are undecidablefor 0-reversal-boundedmulticountermachines.Theundecidabilityre-
mainswhenreversal-boundedmulticountermachineswith a freecounterare consid-
ered.

5 Conclusions

In this paper, we investigateda numberof Presburger livenessproblemsfor NCMFs.
We showedthat

– The  -Presburger-i.o. problemandthe  -Presburger-eventualproblemarebothde-
cidable.So are their duals, the ' -Presburger-almost-alwaysproblemand the ' -
Presburger-alwaysproblem.

– The ' -Presburger-i.o. problemandthe ' -Presburger-eventualproblemarebothun-
decidable.Soaretheir duals,the  -Presburger-almost-alwaysproblemandthe  -
Presburger-alwaysproblem.

Theseresultscanbeusedto formulatea weakform of Presburgerlineartemporallogic
anddevelop its model-checkingtheoriesfor NCMFs. We believe the techniquesde-
velopedin [12] andin this papercanbe naturallycombinedto studythe samesetof
livenessproblemson anextendedform of discretetimedautomatacontaining,besides
clocks,a numberof reversal-boundedcountersanda free counter. We conjecturethat



the  -Presburger-i.o. problemis alsodecidablefor (discretetimed)pushdown automata
whenthecountson individual stacksymbolsarepartof thePresburgerpropertybeing
verified[8].

As for applicationsof NCMFs, “reversal-boundedcounters”may appearunnat-
ural, and applying the decidableresultspresentedin this paperin model-checking
may seemremote.However, the model of NCMFs doeshave applicationsin verifi-
cation/debugginginfinite statesystemsaswe discussbelow.

– Many infinite statesystemscanbemodeledasmulticountermachines.Thesema-
chines,usuallyhaving Turing computingpower, canbeapproximatedby NCMFs
by restrictingall but onecounterto bereversal-bounded.This approximationtech-
niqueprovidesa way to debug Presburgersafetypropertiesfor, for instance,arith-
metic programs(for a numberof conservative approximationtechniquesfor real-
time systemssee[9–11]). On the otherhand,the techniquealsoshows a way to
verify an  -Presburger i.o. problemfor a multicountermachineif the sameprob-
lem is trueon theresultingNCMF.

– A non-decreasingcounteris also a reversal-boundedcounterwith zero reversal
bound.Thiskind of countershasalot of applications.For instance,it canbeusedto
counttimeelapse,thenumberof externalevents,thenumberof aparticularbranch
takenby a nondeterministicprogram(this is important,whenfairnessis takeninto
account),etc.For example,considera finite-statetransitionsystemà . Associatea
name‘a’ from a finite alphabetto eachtransitionin à ( @ , in thereactivesystemà ,
canbe treatedasthe input signaltriggeringthe transition).At any momentin an
executionof à , C�á is usedto countthenumberof transitionslabeledby @ thathave
beenexecuted.Each C�á canbeconsideredasa 0-reversal-boundedcounter, since
C�á is nondecreasingalongany executionpath.To makethesystemmorecomplex,
onsometransitions,thetriggeringconditionsalsocontainatestthatcomparesC�â 

C�ã againstan integerconstant,for somefixed labels E and N 1. Essentiallyà can
be treatedas a NCMF: thosecountsof C á ’s are reversal-boundedcountersand
C�â 
 C�ã is the free counter. The resultsin this papershow that the following
statementcanbeautomaticallyverified:
Thereis anexecutionof à such that C á �z� C�â 
�� C�ã �eJ holdsfor infinitelymany
times.
This result canbe usedto arguewhethera fairnessconditionon the event label
countsof à is realistic.

The decisionprocedurefor the  -Presburger i.o. problemseemshard to implement.
However, by closelylookingat theproofs,thehardpartis how to (practically)calculate
thebinaryreachabilityof anNCMF. Oncethis is done,testingtheexistenceof the ! -
chainin Lemma7 andLemma8 is equivalentto checkinga Presburgerpredicate(i.e.,
Ù ©�Ú Ò in the lemmas)in a particularformat (theOmegaLibrary [22] canbeusedto do
the checking).Calculatingthe binary reachabilityof an NCMF needssomesoftware
engineeringthoughts.We arecurrentlyconductinga prototypetool implementation.

Thanksgo to anonymousreviewersfor many usefulsuggestions.
1 It is importantthat ä and å arefixed.If weallow comparisonsonthecountsof four labels(i.e.,

besidestheteston æÜç¯èzæ�é , we have a teston æ�ê#è~æ�ë ), then ì is Turingpowerful [18].
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