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Abstract. A discrete pushdown timed automaton is a pushdown machine with
integer-valued clocks. It has been shown recently that the binary reachability of
a discrete pushdown timed automaton can be accepted by a 2-tape pushdown
acceptor with reversal-bounded counters. We improve this result by showing that
the stack can be removed from the acceptor, i.e., the binary reachability can be
accepted by a 2-tape finite-state acceptor with reversal-bounded counters. We also
obtain similar results for more general machine models. Our characterizations
can be used to verify certain properties concerning these machines that were not
verifiable before using previous techniques. We are also able to formulate a subset
of Presburger LTL that is decidable for satisfiability-checking with respect to
these machines.

1 Introduction
Developing verification techniques for infinite-state systems is an important ongoing
effort, motivated to a large extent by the successes of model-checking techniques for
finite-state systems [23]. Unlike for finite-state systems, there is a decidability boundary
for infinite-state systems: machines with two counters (i.e., “Minsky machines”) are
Turing complete. Therefore, we must seek a balance between the computing power of
infinite-state systems and their decidability.
Many infinite-state models have been shown decidable for various model-checking
problems. These models include timed automata [1], pushdown automata and pushdown processes [3, 14, 12], various versions of counter machines [6, 9, 11, 13, 22], and
various queue machines [2, 4, 19, 20, 24].
Pushdown systems are of particular interest, since, in practice, they are related to
pushdown processes and, in theory, they are well studied in automata theory. A pushdown machine can be obtained by augmenting a finite-state machine with a pushdown
stack. A configuration of a pushdown machine without an input tape (PM), is a string
, where is the stack content and is the state (we assume that the stack alphabet is disjoint from the state set). If is a PM and is a set of configurations, define the
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backward and forward reachability sets of
with respect to by:
configuration can reach some configuration in
and
configuration is reachable from some configuration in . It is known that if is regular, then
and
are also regular (see, e.g., [3, 12, 14]). One can also show
that the binary reachability of ,
is reachable from , can
be accepted by a 2-tape FA, i.e., a finite-state acceptor with two one-way input tapes.
(Note that a 1-tape FA is the usual finite automaton.)
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A PM augmented with finitely many real-valued clocks is called a pushdown timed
automaton, which is a generalization of a timed automaton [1]. It is discrete if the clocks
can only assume nonnegative integer values (definitions are in Section 4). A configuration now includes the clock values written in unary. It is easy to show that in general,
the binary reachability of a (discrete) pushdown timed automaton cannot be accepted by
a 2-tape FA. Characterizations of the binary reachability of pushdown timed automata
with discrete or real-valued clocks have recently been given in [10, 8]. In particular,
it was shown in [10] (see also [21]) that the binary reachability of a discrete pushdown timed automaton can be accepted by a 2-tape pushdown acceptor augmented with
reversal-bounded counters. A counter (which, we assume w.l.o.g., can only store nonnegative integers, since the sign can be remembered in the states) is reversal-bounded if
it can be tested for zero and can be incremented or decremented by one, but the number
of alternations between nondecreasing mode and nonincreasing mode in any computation is bounded by a given constant; e.g., a counter whose values change according to
the pattern
is 3-reversal, where the reversals are underlined.
It follows that the backward and forward reachability sets can be accepted by (1-tape)
pushdown acceptors with reversal-bounded counters. These results and the fact that the
emptiness problem for multitape pushdown acceptors with reversal-bounded counters
is decidable [16] have been used recently to prove the decidability of certain verification
problems for infinite-state transition systems [10, 17, 18, 21, 22].
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In this paper, we improve the above results by showing that the pushdown stack
can be removed from the acceptors. Specifically, we show that the binary (backward
or forward) reachability can be accepted by a 2-tape (1-tape) finite-state acceptor with
reversal-bounded counters. In fact, we show that the results hold, even if the discrete
pushdown timed automaton is augmented with reversal-bounded counters. Note that
equipping the pushdown timed automaton with counters is an important and nontrivial
generalization, since it is known that reversal-bounded counters can “verify” Presburger
relations on clock values [16].
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The results in this paper can be used to verify properties that were not verifiable before using previous techniques. For example, consider the set
, where
and
are discrete pushdown timed automata with the same state
set, the same pushdown alphabet, and the same clock names, and
and
are two sets
of configurations accepted by finite-state acceptors augmented with reversal-bounded
counters. We know from [10] that
can be accepted by a pushdown acceptor with reversal-bounded counters. Without using our current result, a direct construction of a machine accepting
would require two stacks: one for the machine
accepting
, and the other is for
itself. This seems to show that the
emptiness of
may be undecidable, since a 2-stack machine is equivalent to a Turing
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machine. However, it follows from our results that
can be accepted by a finite-state
acceptor with reversal-bounded counters; hence, the emptiness of
is decidable. As
an application, consider the satisfiability-checking (the dual of model-checking) of a
property
concerning a discrete pushdown timed automaton with reversalbounded counters , where
and
are Presburger formulas on stack symbol counts
and clock and counter values. This problem is reducible to checking the emptiness of
, which we now know is decidable.
We also look at discrete timed automata with clocks, reversal-bounded counters,
and a read/write worktape (instead of a pushdown stack), but restricted to be finitecrossing, i.e., in any computation, the number of times the read/write head crosses the
boundary between any two adjacent worktape cells is bounded by a given constant. We
show that the binary (backward or forward) reachability set of this machine can also
be accepted by a 2-tape (1-tape) finite-state acceptor with reversal-bounded counters.
This improves the corresponding results in [18] where the the acceptors needed a finitecrossing read/write tape. Note that without without the “finite-crossing” requirement,
the model becomes a Turing machine.
We will use the following notation. We use the suffix ‘M’ to indicate that the model
has no input tape and ‘A’ when the model has one-way input tape(s). All models are
nondeterministic.
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1.
2.
3.
4.
5.
6.
7.
8.
9.

PM: Pushdown machine
PA: Pushdown acceptor
PCM: Pushdown machine with reversal-bounded counters
PCA: Pushdown acceptor with reversal-bounded counters
FM: Finite-state machine
FA: Finite-state acceptor
CM: Finite-state machine with reversal-bounded counters
CA: Finite-state acceptor with reversal-bounded counters
WCM: Finite-state machine with a read/write worktape and reversal-bounded counters
10. WCA: Finite-state acceptor with a read/write worktape and reversal-bounded counters
11. -tape PCA (FA, CA, WCA) is a PCA (FA, CA, WCA) with input tapes, with
one head per tape. A 1-tape PCA (FA, ...) will simply be referred to as a PCA (FA,
...)
12. PTCM (WTCM) is a PCM (WCM) augmented with discrete clocks.
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The paper has four sections in addition to this section. Section 2 shows that the
binary reachability of a PCM can be accepted by a 2-tape CA and that the backward
and forward reachability sets can be accepted by CAs. Section 3 shows that these results
hold for finite-crossing WCMs. Section 4 generalizes the results to PCMs and finitecrossing WCMs with “clocks” (i.e., the timed versions of the models). Finally, Section
5 proposes a subset of Presburger LTL whose satisfiability-checking is decidable.

2 PCMs
We first look at the simple case of a PM (pushdown machine without counters). We
assume that the pushdown stack has a “bottom” symbol , and is associated with two
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kinds of stack operations: push(
), i.e., push symbol onto the stack and switch
from state to state , and pop(
), i.e., pop the top from the stack and switch
from state to state . Replacing the top symbol of the stack with another symbol can
be implemented by a push followed by a pop.
Let
be a PM. Define predicates
and
as follows:
is true, if there is a sequence of moves of
such that, starting from state with stack
top symbol ,
does not pop this , and the last move is a push of on top of
ending in state (Notice that, prior to this last move, the sequence may involve many
pushes/pops.) Similarly,
is true, if there is a sequence of moves of
such that, starting from state with stack top symbol (and the symbol directly
under ),
does not pop this and the result of the moves makes this the top of
the stack and state . We also define
to be true if , starting from state
with stack top symbol , can reach state without performing any stack operations.
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Lemma 1. Given a PM
and
.
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, we can effectively compute the predicates

U
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Define /e03254Q78f;^D g   (:< configuration  h
can reach configuration
h
: ^1" . When  ^  the sets of all valid configurations, /e03254Q78f;^D will
simply be written /1032546789 .
Theorem 1. /10325467i+9 of a PM
can be accepted by a 2-tape FA.
Corollary 1. Let
be a PM, and, and ^ be sets of configurations of
accepted
by FAs. Then /103254678,j;^  can be accepted by a 2-tape FA.
The backward and forward reachability sets of a PM
with respect to a regular set
of configurations is regular [3, 14, 12]. This result is easily obtained from the corollary
above.
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Corollary 2. Let
be a PM and be a set of configurations of
accepted by an FA
. Then
configuration can reach some configuration in
and
configuration is reachable from some configuration in
can be accepted by FAs.
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We now consider the PCMs. The reversal-bounded counters in the PCMs complicate
the constructions, since now we have to incorporate counters into the acceptors of the
reachability sets. We need to prove some intermediate results.
Let be the set of nonnegative integers and be a positive integer. A subset of
is a linear set if there exist vectors
in
such that

2
s8T(s  'tutvtv;s8w pfq
) s s  s8T!xy4  s  x{z.z.zx|46w3s8w~}r>@0&`(4 h pm"6t
The vectors s T (the constant vector) and s  .tvtutv;s w (the periods) are called generators.
prq

p

A set is semilinear if it is a finite union of linear sets. Semilinear sets are precisely
the sets definable by Presburger formulas[15].
There is a simple automaton that characterizes semilinear sets. Let
be a nondeterministic finite-state machine (without an input tape) with counters for some
.

2
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The computation of
starts with all the counters zero and the automaton in the start
state. An atomic move of
consists of incrementing at most one counter by 1 and
changing the state (decrements are not allowed). An -tuple
is generated by
if , when started from its initial configuration, halts in an accepting state with as the contents of the counters. The set of all -tuples generated
by
is denoted by
. We call this machine a C-generator. If the C-generator is
augmented with a pushdown stack, the machine is called a PC-generator. Notice that
counters in a generator are nondecreasing, i.e., 0-reversal-bounded. We will need the
following lemma, which can easily be shown using the results in [16].
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Lemma 2. The following statements are equivalent for
: a) is a semilinear
set; b) can be generated by a C-generator; c) can be generated by a PC-generator.
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Consider a PCM
with counters. A configuration of
is now represented as
, where is the stack content, is the state,
a string
are distinct symbols, and
are the values of the counters (thus the counter
values are represented in unary). We will show that the binary reachability
can be accepted by a 2-tape CA.
To simplify matters, we convert
to another PCM
with many more counters
than . Assume
starts from a configuration and reaches another configuration
.
operates like , except that the counters can make at most one reversal.
simulates
faithfully, except that when a counter of
makes a reversal from nonincreasing to increasing or starts to increment before any decrements were made after
starting from configuration ,
suspends the simulation but continues decreasing
this counter to zero while simultaneously increasing a new counter (starting at zero).
When reaches zero, has the old value of before the simulation was suspended.
then resumes the simulation with taking the role of . If later reverses from
nonincreasing to increasing, a new counter is deployed like before. In this way, each
counter of making reversals can be replaced by
counters
,
where each one makes at most one reversal. Moreover, a configuration of
translates to a corresponding configuration of
, where the value of a counter of
is
. Clearly, if we can conidentified with the value of one of the counters
struct a 2-tape CA
to accept
, we can modify
to a 2-tape CA to
accept
.
Let
be a PCM. From the discussion above, we assume that the counters have
been normalized, i.e., during the computation from one configuration to another, each
counter behaves as one of the following five patterns:
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Fig. 1. Behavior patterns for a normalized counter
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starts at zero, becomes positive, reverses (i.e., decrements), but remains positive.
starts at zero, becomes positive, reverses, becomes zero (and remains zero).
starts at zero, becomes positive, and does not reverse.
starts at a positive value, remains nonincreasing and positive.
starts at a positive value, remains nonincreasing, becomes zero (and remains zero).

We do not include the case when a counter remains at zero during the entire computation, since this can be simulated by an increment by 1 followed by a decrement by
1. Call the behaviors above , , ,
and , respectively.
Consider a counter that has behavior . During the computation, makes a mode
change at three different instances: when it started at , became positive, and when it
reversed. We denote these instances by
. Note that is positive at the end of the
computation, since it has behavior . In the construction to be described below, will
be simulated by two counters,
and , the first to record increments and the second
to record decrements. If is tested for zero during any segment of the simulation, the
simulator assumes that it is zero before the mode changes to and positive after the
mode has changed to . (Note that the simulator knows when the mode changes.) At the
end of the entire simulation, the simulator verifies that is indeed positive by checking
is positive.
that
, the mode-change instances are:
Similarly, for a counter with behavior
. As in the above case, will be simulated by two counters
and , and
the simulator’s action when testing for zero is like in the above case before the mode
changes to
. The point when the counter becomes zero (i.e. the mode changes to
) is “guessed” by the simulator. After the mode has changed to
, the simulator assumes that the counter is always zero when it is being tested (and
and
will remain the same in the rest of the computation). At the end of the simulation, the
simulator verifies that is zero by checking that
.
For the case of a counter with behavior
, the mode-change instances are
.
Like in the case for Q1, the simulator assumes the counter is zero before the mode
is exactly , and
changes to and positive after the mode has changed to . Then
will remain zero during the entire simulation. Note that for this case, there is nothing
to verify at the end of the simulation.
For the case for
, the mode-change instance is
. Counter stays positive and
will remain zero during the entire computation. The simulator checks that
is less
than the starting value of .
For the case of a counter with behavior
, the mode-change instances are
. The simulator assumes the counter is positive before the mode changes to
.
Notice that the point that becomes zero can be guessed by the simulator as described
will remain zero during the entire simulation. Then the simulator
in the case for Q2.
checks that
is exactly the starting value of .
When we say that a counter starts with mode and ends with mode
in a certain
segment of the computation, we mean: 1. The counter is already in mode , i.e., the
mode-change to has already been executed earlier. 2. If
, the mode-change
to
occurs during the segment of computation under consideration.
In describing a subcomputation of the machine, we refer to
as a
mode vector for , and this means that counter has behavior
(
)
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and in the subcomputation, starts with mode and ends with mode . We denote
simply as
, when and
are understood.
Let
be a PCM with counters:
. We associate with each counter two
counters
and . Given
(each
, define a
set of -tuples of nonnegative integers
as follows:
is in
if
there is a sequence of moves of
such that,

^

W

will not pop out
1. the computation starting from state with stack top symbol ,
this and the last move is a push of onto the stack and end with state (Notice
that, prior to this last move, the sequence may involve many pushes/pops.).
2. The computation remains within the specified mode vectors of the counters.
3. For
,
( ) is the number of times counter is incremented (decremented) by 1. So, for example, for
,
and
; for
,
and
; for
,
and
;
for
,
and
; for
,
and
; for
,
and
, etc.
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Thus, XZY[;\   ¥©     `'tutvtv,¥¦ ,   ª;^V`UB W  gives separate counts of the total
q
increments and total decrements for each counter of
during the computation.
W
Similarly to X]QX- UV;^_  and [dabc   (^V W  in Section 2, we can define the sets
X]QXW   ,¥©O  ,   ª.tvtutv,¥«O q    `UV;^_ W  and [;a,bc   ¥¦O     `.tvtvtu¥¦O q ,   `
^V `t
Lemma 3. We can construct C-generators for X*Y*[;\   ,¥©O  ,F  ª.tvtutv,¥©O F  ª;^V
UB W ªoX-]Xi ,W¥©O  ,F  ª.tvtutv,¥©O q F  ªUV;^V W ª and [dabc% ,¥¦  F q `'tutvtv
¥¦O q ,F  `(^V `t
Proof. First we construct a PC-generator / with A2 counters which simulates the computation of
starting in state with its stack top ^ . During the simulation, / makes
sure that items 1 and 2 are satisfied. The simulation halts when
writes U on the top
of symbol ^ and moves right in state W . From Lemma 2, / can be converted to an
equivalent C-generator for
X*Y*[;\   ,¥¦     `'tutvtv,¥¦ q ,   ª;^V`UB W ªt
Similarly, we can construct C-generators for

-X ]X   ¥¦     `'tutvtu¥¦ q ,   ``UB(^V W 
and [dabc   ,¥¦  ,F  `'tutvtv,¥¦ F  ª;^V W  .
q
For notational convenience, ¥©O  ,   ª.z.z'z.¥¦O ,   ; will simply be denoted
q
by ¥ and will be called a global mode vector.
Note that there k_
are
a finite number
V
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¥
of
distinct
global
mode
vectors.
We
use
,
k ³·¶O¸d¹  ¥(^V W  to denote the C-generators for XZY*[(\   ,¥m;^_UV W  , X]QX-UV; ^Vo ¥mW  UV, and
ª^V
W  and [;a,bc*% ,¥m;^V W  , respectively.
Let ¥ and ¥ W be two global mode vectors. Let OFd(¡( W£¢ be a mode vector for
 in ¥ and , § ; W W ; W W Wv¢ the corresponding mode vector for  in ¥ W . We say that ¥

¥ W
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 WWW

and
are compatible with respect to counter if
,
, and
is a
proper mode for
(so, e.g.,
and
are not proper for
;
is not proper
for ). Two global mode vectors and
are compatible if they are compatible with
respect to every counter . We are now ready to prove:
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¥

can be accepted by a 2-tape CA.
Theorem 2. /10325467i+9 of a PCM
Proof. From definition, /e0+2546789 º   (:< configuration  can reach configuration : in " . We construct
CA / to accept /1032546o78+9 . The specifications
k ±.².³O´ a 2-tape
of all the C-generators
¥(^VUV W  , k ±µ,±  ¥`UB(^V W  , and k ³·¶O¸~¹  ,¥m;^_ W 
are incorporated in the states of / . We describe the operation of / when given configurations  and : on its first and second input input tapes, respectively. Let ¨
_   z'z.z    and : ¯_W£Wv o » z.z'z  'q » . Let ¼ U  z.z'zUm½ and _W8 U  W z.z.z`U ½ W » .
/ readsq the two tapes in parallel and makes sure that the symbol under head 1
is the same as the symbol under head 2. Nondeterministically, / starts to operate
¾> ) cell with
in the following way. Assume that both heads are at the  -th (
U  z'z.z,U¿    U  W z'z.z`U ¿ W   . There are four cases to consider (nondeterministically
chosen):
Case 1. nS and nS W .
Case 2. nS and   S W x{> .
Case 3.   S1x{> and ¯S W .
Case 4.   S1x{>  S W x¯> .
Consider Case 1. / operates in two phases. In the first phase, / reads the rest of the
first input tape and guesses a sequence of pop-generators (when   > , treat Uj¿  as

the stack bottom /_T )
k ±µ,±  TQ¥ZT6U¿  U¿e  `.z'z.z' k ±µ,±  ½ ¿?,¥-½ ¿G`U½  `U½6 ½ ¿   









   is
such that ¥   and ¥  are compatible and each X]QX-Q   ,¥   `U   ¿
 U   ¿with
  , and ½ ¿   ¼ . Further, ¥ ½ ¿ is consistent
not empty for 0  =*.z.z'zª,S
the


starting counter values   .z'z.z'; , e.g., if the behavior of counter   in ¥ ½ ¿ is Q2 (  
q

starts from 0), then   must be 0. Note that each counter  in
is associated with two

counters  and  in the C-generators to keep track of the increments and decrements
in counter  . In order to decide the counter values at the beginning of the second phase
below, / guesses the value 7Q for each counter ª , and verifies, at the end of phase 1
 À?   - where À?  (resp. À?  ) is
by using auxiliary counters, that 7rxÁÀ?  
the total increments (decrements) made to counter ª for all the pop generators in phase
1. Note that “increments” in each pop generator essentially means “decrements” to 7 ,
since the pop generators are supposed to change the values of the ª ’s from  ’s to 7 ’s.
Doing these ensures that configuration U  z.z'zUm½    z.z'z    can reach the intermediate
q
configuration Â (i.e., U  z'z.z,U¿  T 6Ã  z.z'z  Ã  ) through a sequence of moves that never

q

pops symbol U¿
 out.
Now, / starts phase 2, with counter values 7  .z'z.zª(7 for counters   'z.z'z.( in .
q
/ then reads the rest of the second input tape and guessesq a sequence of push generators
k ±.²'³´ Ä*T`ÅfTQU ¿ W  U ¿ W   ª.z'z.z. k ±'².³´ Ä-½ ¿GÅm½ ¿e`U ½ W  U ½ W -½ ¿   
»
»
» » »
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Â
: /
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À? 
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/
 W .z'z.z'; Wq
Åm½ »  ¿
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/
 ,¥m;^V
[dabcZ ¥(^V W 
/e0+2546789
/

such that
and,
and
are compatible (i.e.,
continues its computation
from the intermediate configuration that was reached from the starting configuration
). also checks that
and
are compatible and each
is not empty for
, and
. In order to verify
the intermediate configuration can reach configuration , needs to check (similar
to phase 1) that
where
(resp.
) is the total increments
(decrements) made to counter for all the push generators in phase 2. Finally, needs
to check that the ending counter values
are consistent with the last mode
vector
. For instance, if counter
has behavior pattern Q4 in
, then
must be positive. accepts if all the guesses are successful, i.e., can reach .
Cases 2 - 4 are handled similarly, where the C-generators
for
are also used in the construction.
Hence,
can be accepted by a 2-tape CA .



W

 W

As in Corollaries 1 and 2, we have:

^

Corollary 3. Let
be a PCM and and be sets of configurations of
by CAs. Then
can be accepted by a 2-tape CA, and
can be accepted by CAs.
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3 Finite-Crossing WCMs
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be a finite-crossing WCM with counters. A configuration of
is represented
Let
as a string
, where
is the content of the read/write
worktape with the head at the leftmost symbol of , is the state,
are distinct
symbols, and
are the values of the counters. We can prove the following:
Theorem 3. Let
a 2-tape CA.

be a finite-crossing WCM. Then

  .tvtutv 

/1032546o78+9

q

can be accepted by

^

Corollary 4. Let
be a finite-crossing WCM and and be sets of configurations
of
accepted by CAs. Then
can be accepted by a 2-tape CA, and
and
can be accepted by CAs.
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Corollary 5. Let
be a finite-crossing WCM without counters (i.e., the only memory
structure is a finite-crossing read/write worktape) and and be regular sets. Then
can be accepted by a 2-tape FA, and
and
can be accepted by FAs.
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4 WCMs and PCMs with Clocks
A timed automaton is a finite-state machine without an input tape augmented with
finitely many real-valued unbounded clocks [1]. All the clocks progress synchronously
with rate 1, except that when a nonempty subset of clocks are reset to 0 at some transition, the other clocks do not progress. A transition between states fires if a clock
constraint is satisfied. A clock constraint is a Boolean combination of atomic clock

iÇG;  7*Çe
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Ç

constraints in the following form:
where denotes
or ,
is an integer,
are clocks. Here we only consider integer-valued clocks, i.e., discrete timed automata. A discrete pushdown timed automaton (finite-crossing worktape
timed automaton) is a discrete time automaton with a pushdown stack (finite-crossing
read/write tape). We can further generalize these models by augmenting them with
reversal-bounded counters, call them PTCM and finite-crossing WTCM, respectively.
Thus a PTCM (finite-crossing WTCM) is a PCM (finite-crossing WCM) with clocks.
A configuration of a PTCM (finite-crossing WTCM) now contains the values of the
clocks. It is known that the binary reachability of a PTCM (finite-crossing WTCM) can
be accepted by a 2-tape PCA (finite-crossing WCA) [10, 21]. The results in the previous
section can be generalized:
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Theorem 4. Let
be a PTCM (or a finite-crossing WTCM). Then
be accepted by a 2-tape CA.
Corollary 6. Let
configurations of
2-tape CA, and

can

^

be a PTCM (or a finite-crossing WTCM) and and be sets of
accepted by CAs. Then
can be accepted by a
and
can be accepted by CAs.
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5 Model-Checking and Satisfiability-Checking
It is important to formulate what kinds of temporal properties are decidable for the
machine models discussed in this paper. Given a machine (a PM, PCM, finite-crossing
and a configuration , we use
to denote the value of
WCM, or its timed version)
counter in ,
to denote the number of appearances of symbol in the stack/tape
content in ,
to denote the state in . Let be a Presburger formula on variables
,
, and . Since the solutions of can be accepted by a deterministic CA [16], it
is obvious that the set of configurations satisfying can be accepted by a deterministic
CA. Particularly, if is a Boolean combination of atomic formulas like
,
,
where is a variable ( ,
, or ), and is an integer, then is called a regular
formula. Obviously, the set of configurations satisfying a regular formula
can be
accepted by a FA.
Now, we describe a (subset of a) Presburger linear temporal logic as follows.
This logic is inspired by the recent work of Comon and Cortier [5] on model-checking
a special form of counter automata without nested cycles. Formulas in are defined as:

ÌÍ

ª  < Î fÌjÍ
<Î





N  ÊË  Ì Í
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Ï

ÐÒÑvÑ  N k N P Ð ÐÔÓRÐ ÖÕ Ð k Å Ð
k
where N is a Presburger formula, is a regular formula, Õ and Å stand for next and
until, respectively. Formulas in Ï are interpreted on (finite) sequences  of configura
tions of
in a usual way. We use  to denote the sequence resulting from the deletion
of the first 0 configurations from  . We use  to indicate the 0 -th element in  . The
 is recursively
satisfiability relation
Ð
Ð ): defined as follows, for each sequence  and for
h
each formula
(written  
Ï
  Nk if   hh kN ,
if 
,


  NÐ P ÓRÐ Ð if    N Ð and   ÐÐ ,
 Õ Ð   if  Ð  or   ,
  k if  Ð ,

Å if there exists × (which is not greater than the length of  ) such that
 §  Ð and }5S¦ÈØ×Ä ½  k  . Ð
Ð  . The satisfiabilityWe use the convention that L
(eventual) abbreviates &~¬-!Å
Ð,
checking problem is Ð to check whether there is an execution  of
satisfying  
h
for a given
and
Ï . The model-checking problem, which is the dual of the
satisfiability-checking
problem,
is to check whether for all execution  of
satisfying
  Ð , for a given and Ð h Ï . The results of this paper show that:
Theorem 5. The satisfiability-checking problem is decidable for Ï with respect to the
following machine models: PM, PCM, finite-crossing WCM, and their timed versions.

Ð h Ï

Ù ÐÚ

  Ð
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, we use
to denote the set of
such that
. For
Proof. (sketch) Given
each of the machine models, we will show
can be accepted by a CA. Therefore,
the theorem follows by noticing that the satisfiability-checking problem is equivalent to
testing the emptiness of the CA, which is decidable.
We will only look at PCM; all the other models can be handled similarly. The proof
and
can be accepted
is based upon an induction on the structure of . Obviously,
by CAs; so can
if both
and
can.
can be accepted by a CA,
since
can be accepted by a CA and
can be accepted by a deterministic CA. For
the case of
, notice that the set
is very similar to
– the
only difference is that
further requires that each intermediate configuration on
the path leading to
to be in . This requirement can be easily fulfilled by slightly
modify , thanks to the fact that is regular. Therefore, Corollary 3 still applies to
show that
can be accepted by a CA. The case for
is simpler, since we only
look at one move.
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is quite powerful. For instance, it can express a property like
. We
should point out that without using the results in this paper, this property cannot be
checked. For instance, the timed version of PM was studied in [10]. In that paper, it was
shown that
can be accepted by a PCA – this is bad, since it is not possible
to characterize
from here (a machine accepting
may
need two stacks (i.e., Turing): one stack is for the PM, the other is for
). But
now, we have a stronger characterization for
: it can be accepted by a CA.
Therefore, the results in this paper give a CA characterization for
.
Since the model-checking problem is the dual of the satisfiability-checking problem,
we conclude that
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ÙÛLMON LFN 
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(taking negation of each
Theorem 6. The model-checking problem is decidable for
formula in ) with respect to the following machine models: PM, PCM, finite-crossing
WCM, and their timed versions.
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